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Ohjlvodwlyh Oree|lqj xqghu Srolwlfdo Xqfhuwdlqw|
Plfkho Oh Euhwrq| Yhud ]dsrur}khwv}
Iheuxdu| 533:
Devwudfw
Lq wklv sdshu zh ghyhors d gxrsrolvwlf prgho ri ohjlvodwlyh oree|lqj1 Wzr oreelhv
frpshwh wr lq xhqfh wkh yrwhv ri d jurxs ri ohjlvodwruv zkr kdyh d frqfhuq iru erwk
vrfldo zhoiduh dqg fdpsdljq frqwulexwlrqv1 Wkh w|sh ri d ohjlvodwru lv wkh uhodwlyh
zhljkw kh2vkh sodfhv rq vrfldo zhoiduh dv frpsduhg wr prqh|1 Zh vwxg| wkh htxloleuld
ri wklv oree|lqj jdph xqghu srolwlfdo fhuwdlqw| dqg xqfhuwdlqw| dqg h{dplqh wkh flu0
fxpvwdqfhv xqghu zklfk wkh srolf| lv vrfldoo| h!flhqw/ dqg wkh dprxqw ri prqh| wkdw
kdv ehhq lqyhvwhg lq wkh srolwlfdo surfhvv1 Vshfldo dwwhqwlrq lv sdlg wr wkuhh sulplwlyhv
ri wkh hqylurqphqw= wkh lqwhqvlw| ri wkh frpshwlwlrq ehwzhhq wkh oreelhv/ wkh lqwhuqdo
rujdqlvdwlrq ri wkh ohjlvodwxuh dqg wkh sursruwlrq ri edg dqg jrrg ohjlvodwruv lq wkh
srolwlfdo duhqd1
￿
Zh zrxog olnh wr wkdqn Urq Kro}pdq iru fdoolqj rxu dwwhqwlrq wr wkh ohdvw fruh dqg wkh qxfohroxv dv
d zd| wr fdofxodwh wkh htxloleulxp ri wkh oree|lqj jdph1 Zh dovr wkdqn vhplqdu dxglhqfhv lq Ohxyhq dqg
Wrxorxvh iru wkhlu frpphqwv1
￿
Xqlyhuvlwì gh Wrxorxvh 4/ Juhpdt dqg Lghl/ Iudqfh +oheuhwrqCflfw1iu,
￿
Ndwkrolhnh Xqlyhuvlwhlw Ohxyhq/ FHV/ Ehojlxp dqg Xqlyhuvlwì gh Wrxorxvh 4/ Juhpdt/ Iudqfh
+Yhud1]dsrur}khwvChfrq1nxohxyhq1eh,1
44 Lqwurgxfwlrq
Lq doo uhdo srolwlhv vshfldo lqwhuhvw jurxsv ru oreelhv
￿
sduwlflsdwh dfwlyho| lq wkh srolf|0pdnlqj
surfhvv1 Uhvhdufkhuv kdyh ghyhorshg dq dqdo|wlfdo dssdudwxv dlplqj wr surylgh d ghvfulswlrq
ri wkh fkdqqhov wkurxjk zklfk wkh lq xhqfh ri wkhvh lqwhuhvw jurxsv lv h{huwhg dqg d fkdudf0
whul}dwlrq ri wkh pdlq ihdwxuhv ri wkh htxloleulxp srolflhv zkhq wklv lq xhqfh lv dffrxqwhg
iru1 D frpprq ghqrplqdwru ri wkh uhvhdufk grqh rq wkdw wrslf lq wkh odvw ghfdgh
￿
kdv ehhq
wr vwxg| vwuxfwxudo prghov ri wkh srolwlfdo surfhvv= hfrqrplf dqg srolwlfdo dfwruv ehkdyh
udwlrqdoo| zlwklq zhoo0vshflhg hfrqrplf dqg srolwlfdo lqvwlwxwlrqv/ zkhuh wkh srolf|0pdnlqj
surfhvv lv irupxodwhg dv dq h{whqvlyh irup jdph1 Phwkrgrorjlfdoo|/ pxfk surjuhvv kdv ehhq
pdgh uhodwlyho| wr wkh wudglwlrqdo dssurdfkhv zklfk zhuh riwhq edvhg rq lqfrqvlvwhqw ru luud0
wlrqdo srolwlfdo dqg hfrqrplf ehkdylru/ uho|lqj rq qrq0ghulyhg lq xhqfh ixqfwlrqv/ srolwlfdo
vxssruw ixqfwlrqv/ ru yrwh ixqfwlrqv1 Zkloh wklv qhz olwhudwxuh grhv qrw srlqw rxw d vlqjoh
fdqrqlfdo prgho wkdw zrxog lpsrvh lwvhoi djdlqvw lwv frpshwlwruv/ lw lv idlu wr vd| wkdw wkh
ghvfulswlrq ri wkh frpshwlwlyh surfhvv dprqj vshfldo lqwhuhvw jurxsv dv d frpprq djhqf|
jdph +Ehuqkhlp dqg Zklqvwrq +4<;9,/ Odxvvho dqg Oh Euhwrq +5334,, kdv ehfrph d frq0
whqghu
￿
1 Lq wklv irupxodwlrq/ wkh sulqflsdov duh wkh oree|lvwv dqg wkh frpprq djhqw lv dq
lqfxpehqw srolwlfldq ghslfwhg dv kdylqj wkh srzhu wr vhohfw xqlodwhudoo| wkh hfrqrplf srolf|1
Wkh oree|lvwv pryh uvw= wkh|/ vlpxowdqhrxvo| ru vhtxhqwldoo|/ rhu d phqx ri prqhwdu|
sd|phqwv frqglwlrqdo rq wkh srolf| wkdw zloo eh xowlpdwho| vhohfwhg1 Diwhu frqwhpsodwlqj wkh
suroh ri rhuv/ wkh srolwlfldq ghflghv zklfk srolf| wr vhohfw1
Hpslulfdo hylghqfhv duh txlwh frqwuryhuvldo/ vlqfh grfxphqwlqj wkdw prqh| dhfwv srolf|
rxwfrphv lv qrw dq hdv| wdvn1 Lqghhg/ dv irupxodwhg e| Jurvvpdq dqg Khospdq +5334,
%Diwhu doo/ lw lv gl!fxow wr nqrz zkdw d eloo zrxog kdyh orrnhg olnh devhqw wkh qhw hhfw
ri frqwulexwlrqv1 Hyhq li zh irfxv rq uroo0fdoo yrwhv/ dv pdq| uhvhdufkhuv kdyh grqh/ wkh
hruw lv frqirxqghg e| wkh frxqwhuidfwxdo= krz zrxog d ohjlvodwru kdyh yrwhg devhqw wkh
frqwulexwlrqvB Shukdsv d uhsuhvhqwdwlyh*v yrwh rq d eloo zdv glfwdwhg e| d frqfhuq iru mrev lq
klv glvwulfw/ zklfk kdsshqv wr eh dvvrfldwhg zlwk wkh hfrqrplf khdowk ri d frqwulexwru/ vxfk
dv d odujh frusrudwlrq1 Ru vlpso|/ wkh ohjlvodwru zdv iroorzlqj wkh gluhfwlyhv ri sduw| ohdghuv%1
￿
Lw lv qrw dq hdv| wdvn wr ghqh zkdw lv d vshfldo lqwhuhvw jurxs +vhh Jurvvpdq dqg Khospdq +5334,
iru glvfxvvlrq rq wkh pdwwhu,1 Khuh zh xvh lqwhufkdqjhdeo| wkh whupv vshfldo lqwhuhvw jurxsv dqg oreelhv
phdqlqj wkdw zh ljqruh doo wkh srwhqwldo gl!fxowlhv d jurxs pd| idfh wr jhw vrph lghqwlw|/ dqg wkdw jlyhv
ulvh wr srolwlfdo rujdql}dwlrq2uhsuhvhqwdwlrq zklfk lv h!flhqw1 Qrw doo jurxsv duh htxdo lq wkdw uhvshfw dv
vxjjhvwhg dqg lqyhvwljdwhg e| Rovrq +4<98,1 Lq wklv sdshu zh vnls wklv lpsruwdqw dvshfw ri wkh oree|lqj
surfhvv nqrzq dv wkh Rovrqldq surjudp wr irfxv rq vrph rwkhu glphqvlrqv1
￿
Vhh/ iru lqvwdqfh/ Jurvvpdq dqg Khospdq +5334, dqg Shuvvrq +4<<;,1
￿
Wkh frpprq djhqf| iudphzrun kdv ehhq slrqqhuhg e| Jurvvpdq dqg Khospdq +4<<7/ 5334, dqg iro0
orzhuv wr vwxg| wudgh srolf|/ frpprglw| wd{dwlrq dqg rwkhu srolflhv1
5Wr frqwuro iru wkhvh glhuhqw hhfwv lw lv qhfhvvdu| wr lqwurgxfh yduldeohv> iru lqvwdqfh wkh
ohjlvodwru*v lghrorjlfdo vwdqfh lv uh hfwhg e| klv udwlqjv zlwk srolwlfdo rujdql}dwlrqv1 Edogzlq
dqg Pdjhh +5333, qg wkdw wkh suredelolw| ri d yrwh lq idyru ri wudgh olehudol}dwlrq rq wkh
QDIWD dqg JDWW Xuxjxd| Urxqg eloov lqfuhdvhv zlwk wkh dprxqw ri frqwulexwlrqv wkdw
d ohjlvodwru uhfhlyhv iurp exvlqhvv lqwhuhvwv dqg idoov zlwk wkh dprxqw froohfwhg iurp oderu
xqlrqv1 Vwudwpdqq +5336, vwxglhv wkh frqjuhvvlrqdo yrwhv rq qdqfldo vhuylfhv ohjlvodwlrq dqg
frqfoxghv wkdw frqwulexwlrqv fkdqjh yrwlqj ehkdylru1 Wkhvh sdshuv duh mxvw wzr h{dpsohv ri
dq hqwluh jhquh ri uhvhdufk
￿
/ dqg vhyhudo rwkhu dxwkruv kdyh uhdfkhg glhuhqw li qrw rssrvlwh
frqfoxvlrqv1 Dqdo|}lqj Wxoorfn*v +4<:5, sx}}oh derxw wkh vpdoo dprxqw ri prqh| lqyhvwhg
lq X1V1 srolwlfv/ Dqvrorehkhuh/ Gh Iljxhluhgr dqg Vq|ghu +5336, frqfoxgh wkdw wkhuh lv qr
hfrqrphwulf hylghqfh wkdw frqwulexwlrqv kdyh vxevwdqwldo hhfwv rq yrwhv dqg ohjlvodwlyh
ghflvlrqv dqg vxjjhvw dq dowhuqdwlyh h{sodqdwlrq1
Zh ghsduw iurp wklv olwhudwxuh lq dedqgrqlqj wkh dvvxpswlrq wkdw srolflhv duh vhw e|
d vlqjoh lqglylgxdo ru e| d frkhvlyh/ zhoo0glvflsolqhg srolwlfdo sduw|1 Lq uhdolw| prvw srolf|
ghflvlrqv duh pdgh qrw e| rqh shuvrq exw e| d jurxs ri hohfwhg uhsuhvhqwdwlyhv dfwlqj dv d
ohjlvodwlyh erg|1 Hyhq zkhq wkh ohjlvodwxuh
￿
lv frqwuroohg e| d vlqjoh sduw| +dv lw lv qhfhvvdulo|
wkh fdvh lq d wzr0sduw| v|vwhp li wkh ohjlvodwxuh frqvlvwv ri d xqltxh fkdpehu
￿
,/ wkh ghohjdwlrq
phpehuv gr qrw dozd|v iroorz wkh lqvwuxfwlrqv ri wkhlu sduw| ohdghuv1 Lq vlwxdwlrqv zlwk
pxowlsoh lqghshqghqw ohjlvodwruv/ vshfldo lqwhuhvw jurxsv idfh d vxewoh sureohp lq ghflglqj
krz wr doorfdwh wkhlu uhvrxufhv wr lq xhqfh srolf| fkrlfhv1 Iru lqvwdqfh/ vkrxog wkh oree| vhhn
wr vrolgli| vxssruw dprqj wkrvh ohjlvodwruv zkr zrxog eh lqfolqhg wr vxssruw lwv srvlwlrqv
dq|zd|/ ru vkrxog lw vhhn wr zlq ryhu wkrvh zkr pljkw rwkhuzlvh eh krvwloh wr lwv ylhzvB
Wkh dqvzhu wr wklv txhvwlrq ghshqgv rq wkh uxohv ri wkh ohjlvodwlyh surfhvv/ l1h1 wkh rswlpdo
vwudwhj| iru zlhoglqj lq xhqfh zloo ydu| zlwk wkh lqvwlwxwlrqdo vhwwlqj1
Pdq| irupdo prghov ri wkh ohjlvodwlyh surfhvv kdyh ehhq ghyhorshg e| vrfldo vflhqwlvwv1
Wkh h{whqvlyh jdph irup ghvfulehv wkh vhtxhqfh ri ghflvlrq2lqirupdwlrq qrghv ri wkh ohjlv0
odwruv zkhuh d ghflvlrq qrgh w|slfdoo| frqvlvwv lq hlwkhu wkh sursrvdo ri dq dowhuqdwlyh +wkhuh/
wkh ohjlvodwru dfwv dv dq djhqgd vhwwhu, ru h{suhvvlqj dq rslqlrq rq d sursrvdo +wkhuh/ wkh
ohjlvodwru dfwv dv d yrwhu,1 Vrph srolf| lv dwwdfkhg wr hdfk whuplqdo qrgh/ dqg wkh prgho ri
￿
Vplwk +4<<8, flwhv pruh wkdq 68 vwxglhv sxeolvkhg ehwzhhq 4<;3 dqg 4<<5 wkdw dwwhpswhg wr h{sodlq uroo0
fdoo yrwhv lq wkh X1V1 Frqjuhvv e| fdpsdljq frqwulexwlrqv iurp lqwhuhvwhg sduwlhv dqg e| ydulrxv lqglfdwruv
ri d ohjlvodwru*v lghrorj|1
￿
Olnh Glhuphlhu dqg P|huvrq +4<<<,/ e| ohjlvodwruv zh phdq khuh doo lqglylgxdov zkr kdyh d frqvwlwxwlrqdo
uroh lq wkh surfhvv ri sdvvlqj ohjlvodwlrq1 Wklv pd| lqfoxgh lqglylgxdov iurp zkdw lv xvxdoo| uhihuhg wr dv
ehlqj wkh h{hfxwlyh eudqfk/ iru lqvwdqfh wkh suhvlghqw ru wkh ylfh0suhvlghqw1
￿
Li lqvwhdg/ wkh ohjlvodwxuh jlyhv vrph srzhu wr dfwruv iurp wkh %h{hfxwlyh% eudqfk wkhq/ wklv dvvhuwlrq
grhv qrw qhfhvvdulo| krogv wuxh lq fdvh ri glylghg jryhuqphqw1
6wkh ohjlvodwlyh surfhvv lv olnho| wr ghshqg xsrq wkh w|sh ri srolf| vsdfh xqghu frqvlghudwlrq1
D fodvvlfdo prgho lq wkdw yhlq lv wkh edujdlqlqj prgho ri Edurq dqg Ihuhmrkq +4<;<, wkdw
ghvfulehv wkh uxohv ri wkh ohjlvodwxuh wr glylgh d {hg exgjhw dprqj wkh ohjlvodwruv1 Wklv
ohjlvodwlyh prgho kdv ehhq sdluhg zlwk oree|lqj e| Khospdq dqg Shuvvrq +5334,1 Dqrwkhu
yhu| qlfh prgho ri wklv nlqg/ frqvwuxfwhg e| Jurvvpdq dqg Khospdq +5334,/ dssolhv wr dq|
qlwh vhw ri srolflhv zlwk rqh srolf| sod|lqj wkh uroh ri wkh vwdwxv txr1 Lq wklv prgho/ rqh
ohjlvodwru ghflghv xqlodwhudoo| xsrq dq dowhuqdwlyh +eloo/ dphqgphqw/ prwlrq/ uhirup/111, wkdw
zloo frqiurqw wkh vwdwxv txr wkurxjk d elqdu| pdmrulw| yrwh1 Oreelhv kdyh dq rssruwxqlw|
wr lq xhqfh ohjlvodwruv rq wzr rffdvlrqv= uvw/ wkh| zloo wu| wr h{huw lq xhqfh rq wkh djhqgd
vhwwhu dqg vhfrqg/ wkh| zloo dovr wu| wr ex| yrwhv1 Lq wklv sdshu/ zh irfxv rq wkh elqdu|
vhwwlqj/ l1h1 zh dvvxph wkdw wkh srolf| vsdfh frqvlvwv ri wzr dowhuqdwlyhv= wkh vwdwxv txr
+dowhuqdwlyh 3, yhuvxv wkh fkdqjh ru uhirup +dowhuqdwlyh 4,1 Zkloh vlpsolvwlf/ zh wklqn wkdw
pdq| srolf| lvvxhv w wkdw irupxodwlrq/ iru lqvwdqfh wr udwli| ru qrw d iuhh0wudgh djuhhphqw/
wr iruelg ru qrw d iuhh pdunhw iru jxqv/ wr doorz deruwlrq ru qrw1 Lq vxfk fdvhv/ wkhuh lv qr
urrp iru djhqgd vhwwlqj dqg wkh xqltxh uroh ri wkh ohjlvodwxuh lv wr vhohfw rqh ri wkh wzr
rswlrqv wkurxjk yrwlqj1 D ohjlvodwxuh lv wkhq ghvfulehg e| d vlpsoh jdph EQ>Z zkhuh Q
lv wkh vhw ri ohjlvodwruv +ru sduwlhv/ li wkhuh lv vrph vwurqj sduw| glvflsolqh, dqg Z lv wkh olvw
ri zlqqlqj frdolwlrqv= wkh uhirup lv dgrswhg li dqg rqo| li wkh frdolwlrq ri ohjlvodwruv yrwlqj
iru wkh uhirup ehorqjv wr wkdw olvw1
Wkh suhihuhqfh ri oree| 3 +uhvshfwlyho| oree| 4, lv ghqhg e| wkh dprxqw ri grooduv Z
￿
+uhvshfwlyho| Z
￿ , wkdw zrxog eh orvw +uhvshfwlyho| jdlqhg, e| lwv phpehuv li wkh uhirup zdv
dgrswhg1 Iroorzlqj Jurvvvpdq dqg Khospdq +4<<7,/ zh dvvxph wkdw hdfk ohjlvodwru vhhnv wr
pd{lpl}h d zhljkwhg vxp ri vrfldo zhoiduh dqg prqhwdu| frqwulexwlrqv1 Wkhuhiruh/ lq wklv
vhwwlqj/ hdfk ohjlvodwru l lv vlpso| ghvfulehg e| d vlqjoh sdudphwhu 
￿ ghqrwlqj wkh zhljkw
wkdw kh sxwv rq vrfldo zhoiduh
￿
1 Wklv zloo eh uhihuuhg khuhdiwhu dv ehlqj wkh w|sh ri wkh
ohjlvodwru1 Wkh orzhu wkh ydoxh ri 
￿ lv/ wkh fkhdshu ohjlvodwru l lv/ dqg wkhuhiruh wkhuh lv d
vhqvh lq zklfk zh fdq txdoli| srolwlfldqv zlwk orz  dv edg ru fruuxswhg dv wkh| duh pruh




Wkh lghd wkdw  frxog eh dq dgyhuvh vhohfwlrq sdudphwhu lv vxjjhvwhg lq Jurvvpdq dqg Khospdq +4<<5,
dqg lv wkh pdlq prwlydwlrq ri Oh Euhwrq dqg Vdodqlì +5336,1
￿
Vrph hpslulfdo hvwlpdwhv ri wklv sdudphwhu kdyh ehhq surylghg lq wkh frpprq djhqf| vhwwlqj1 Lqwhuhvw0
lqjo|/ Jroehuj dqg Pdjjl +4<<<, qg wkdw wkh 4<;6 X1V1 sdwwhuq ri surwhfwlrq lv frqvlvwhqw zlwk wkh prgho ri
Jurvvpdq dqg Khospdq dqg hvwlpdwh wkh ydoxh ri wkh sdudphwhu  wr eh ehwzhhq 83 dqg ;;/ d vxusulvlqjo|
kljk udqjh ri ydoxhv1 Jdzdqgh dqg Edqg|rsdgk|d| +5333, dovr frqfoxgh wkdw wkh prgho ri Jurvvpdq dqg
Khospdq lv frqvlvwhqw zlwk wkh gdwd exw hvwlpdwh wkh ydoxh ri  wr eh ehwzhhq 6 dqg ;1 Eudgirug +5334,
surfhhgv wr dq hpslulfdo lqyhvwljdwlrq ri d yduldqw ri d prgho ri Jurvvpdq dqg Khospdq zkhuh srolwlfldqv
pd{lpl}h yrwhv dqg qgv wkdw srolwlfldqv zhljkw d groodu ri fdpsdljq frqwulexwlrqv derxw 48( pruh wkdq d
groodu ri qdwlrqdo lqfrph1 Wklv zrxog ohdg wr d ydoxh ri  yhu| forvh wr 41
7Wkh pdlq sxusrvh ri wkh sdshu lv wr surfhhg wr dq htxloleulxp dqdo|vlv ri wkh oree|lqj
jdph zkhuh uvw wkh wzr oreelhv pdnh rhuv wr wkh ohjlvodwruv zkr wkhq yrwh lq idyru ru
djdlqvw wkh uhirup1 Vhyhudo yduldqwv ri wklv jdph duh h{dplqhg lq wxuq1 Lq wkh uvw sduw
zh dvvxph wkdw wkh w|shv ri wkh ohjlvodwruv duh frpprq nqrzohgjh/ dq hqylurqphqw wkdw
zh fdoo srolwlfdo fhuwdlqw| dv doo wkh uhohydqw yduldeohv duh nqrzq zlwk fhuwdlqw| e| doo wkh
sod|huv1 Zlwklq wkdw lqirupdwlrqdo vhwwlqj/ zh lqyhvwljdwh dowhuqdwlyho| wzr fdvhv/ ghshqglqj
rq zkhwkhu wkh wzr oreelhv pryh vlpxowdqhrxvo| ru vhtxhqwldoo|1 Lq wkh vhfrqg sduw zh
dvvxph lqvwhdg wkdw wkh w|shv ri wkh ohjlvodwruv duh sulydwh lqirupdwlrq1 Zh uhihu wr wklv
hqylurqphqw dv srolwlfdo xqfhuwdlqw| dv wkh oreelhv zkhq ex|lqj yrwhv dqg wkh ohjlvodwruv
zkhq yrwlqj gr qrw nqrz zlwk fhuwdlqw| wkh frqvhtxhqfhv ri wkhlu fkrlfhv1 Wkh h{rjhqrxv
lqjuhglhqwv ri rxu vwudwhjlf hqylurqphqw duh=
 Wkh hfrqrplf vwdnhv Z
￿ dqg Z
￿ zkrvh uhvshfwlyh pdjqlwxghv zloo ghqh wkh lqwhqvlw|
ri wkh frpshwlwlrq1 Zh dvvxph khuh wkdw wkh uhirup lv wkh vrfldoo| h!flhqw srolf|/ l1h1
Z
￿  Z






￿   lv fdoohg wkh h!flhqf| wkuhvkrog1
 Wkh vlpsoh jdph EQ>Z zklfk ghvfulehv wkh ohjlvodwlyh surfhvv1
 D suredelolw| glvwulexwlrq I ryhu wkh srvlwlyh uhdo olqh zklfk ghvfulehv wkh uhvshfwlyh
iuhtxhqflhv ri edg dqg jrrg ohjlvodwruv1
Zh dlp wr h{dplqh wkh lpsdfw ri hdfk ri wkhvh nh| sdudphwhuv rq wkh qdo htxloleulxp
rxwfrph ri wkh srolwlfdo phfkdqlvp ghvfulehg e| wklv lq xhqfh jdph1 Wkh rxwfrph kdv wzr
glphqvlrqv=
 Wkh srolf| zklfk lv xowlpdwho| vhohfwhg e| wkh ohjlvodwruv1
 Wkh h{ dqwh prqhwdu| rhuv ri wkh oreelhv dqg wkhlu h{ srvw lpsohphqwdwlrq1
Lq wkh uvw sduw ri wkh sdshu/ zh dvvxph srolwlfdo fhuwdlqw|1 Zkhq wkh oreelhv pryh vlpxo0
wdqhrxvo| zh ghprqvwudwh wkdw wkh htxloleulxp srolf| lv h!flhqw exw h{lvwhqfh lv rewdlqhg
rqo| xqghu yhu| vwulqjhqw frqglwlrqv rq I ru EQ>Z1 Ixuwkhu/ wkh lq xhqfh jdph froodsvhv
vlqfh dw htxloleulxp wkhuh duh qr prqhwdu| wudqvihuv dv vrrq dv wkh ohjlvodwlyh surfhvv lv qrw
roljdufklf1 Zkhq wkh oreelhv pryh vhtxhqwldoo|/ wklqjv jhw pruh lqwulfdwh1 Wkhuh lv qr jxdu0
dqwhh wkdw wkh htxloleulxp srolf| zloo eh h!flhqw1 Zh ghprqvwudwh wkdw lw zloo eh h!flhqw li
wkh h!flhqf| wkuhvkrog lv odujhu wkdq vrph fulwlfdo uhdo qxpehu zklfk lv d vxppdu| vwdwlvwlf
ri wkh ohjlvodwlyh surfhvv1 Zh dovr h{soruh lq ghwdlov wkh oreelqj vwudwhj| ri oree| 4/ dqg
surylgh d ixoo fkdudfwhul}dwlrq ri wkh vwudwhj| zkhq wkh ohjlvodwlyh surfhvv lv wkh pdmrulw|
vlpsoh jdph zlwk qr wlhv1 Lw lqfoxghv d frpsohwh ghvfulswlrq ri wkh frqglwlrqv xqghu zklfk
oree| 4 zloo wdujhw vrph vshflf frdolwlrq zklfk frxog eh d plqrulw|/ d plqlpdo zlqqlqj
frdolwlrq ru d vxshupdmrulw|1 Iru dq devwudfw ohjlvodwxuh zkhuh ohjlvodwruv +ru wkhlu sduwlhv,
pd| kdyh glhuhqw srzhuv +dv ghqhg iru lqvwdqfh lq wkh olwhudwxuh rq srzhu phdvxuhv lq
8dvvhpeolhv,/ zh h{dplqh krz wkh rhu pdgh wr d ohjlvodwru lv uhodwhg wr klv srzhu1 Zh h{klelw
d vxusulvlqj frqqhfwlrq
￿
zlwk wkh qxfohroxv ri d frrshudwlyh jdph zlwk wudqvihudeoh xwlolw|
jhqhudwhg e| EQ>Z1 Zh frqfoxgh wklv sduw zlwk dq lqyhvwljdwlrq ri wkh Qdvk htxloleulxp
lq pl{hg vwudwhjlhv iru wkh pdmrulw| jdph zlwk wkuhh ohjlvodwruv1
Lq wkh vhfrqg sduw ri wkh sdshu/ zh pryh wr wkh fdvh ri srolwlfdo xqfhuwdlqw| dqg olplw
rxu dwwhqwlrq wr wkh pdmrulw| ohjlvodwlyh surfhvv1 Wkh oree|lqj jdph lv pxfk pruh lqwulfdwh
dv vroylqj wkh frqwlqxdwlrq yrwlqj vxejdphv jlyhv ulvh wr uhgxfhg sd|r ixqfwlrqv iru wkh
oreelhv zklfk pd| glvsod| vrph luuhjxodulwlhv1 Zh uvw h{dplqh wkh fdvh zkhuh rqo| oree|
3 lv dfwlyh dqg h{soruh lwv rswlpdo oree|lqj vwudwhj|1 Rqfh djdlq wkh h!flhqf| wkuhvkrog
sod|v d fulwlfdo uroh lq h{sodlqlqj wkh ihdwxuhv ri wklv vwudwhj| dqg wkh suredelolw| ri jhwwlqj
wkh h!flhqw srolf| vhohfwhg1 Rqh vxusulvlqj ihdwxuh ri wkh rswlpdo rhu lv wkdw wkh odujhu
wkh vwdnh Z
￿ ri oree| 3/ wkh vpdoohu zloo eh wkh frdolwlrq ri ohjlvodwruv zkr uhfhlyh dq rhu1
Lq wkh odvw sduw/ zh uhwxuq wr wkh jdph dqg rhu vrph suholplqdu| lqvljkwv lqwr wkh ehvw
uhvsrqvhv zkhq wkhuh duh wkuhh ohjlvodwruv1
Uhodwhg Olwhudwxuh
Pdq| ri wkh txhvwlrqv h{dplqhg lq wklv sdshu kdyh ehhq lqyhvwljdwhg e| rwkhu dxwkruv1
Vrph jhqhudo srvlwlyh prghov dlplqj wr ghvfuleh wkh oree|lqj surfhvv ri d ohjlvodwxuh kdyh
ehhq sursrvhg e| Ehqqhgvhq dqg Ihogpdqq +5335,/ Er|odq +5335,/ Ghnho/ Mdfnvrq dqg
Zrolqvn| +5339 d/ e,/ Khospdq dqg Shuvvrq +5334,/ Sroeruq +5335, dqg Vq|ghu +4<<4,
dprqj pdq| rwkhuv1 Uhfhqw sdshuv e| Gdo Er +5335, dqg Ihojhqkdxhu dqg Juxqhu +5337,
vwxg| wkh lpsdfw ri h{whuqdo lq xhqfh rq d ohjlvodwxuh ru frpplwwhh iurp d phfkdqlvp ghvljq
dqjoh1 Lq sduwlfxodu/ wkh| frpsduh rshq dqg forvhg yrwlqj dqg uhdfk lqwhuhvwlqj frqfoxvlrqv1
Lq frqwudvw wr wklv sdshu wkh| prgho wkh frpplwwhh fkrlfh lvvxh dv d sureohp zlwk frpprq
ydoxhv dv lq Frqgrufhw mxulhv1




duh Edqnv +5333,/ Glhuphlhu dqg P|huvrq +4<<<,/ Jurvhforvh
dqg Vq|ghu +4<<9,/ \rxqj +4<:; d/ e/ f, dqg Vkxeln dqg \rxqj +4<:;,1 Wkh| dovr frqvlghu
d elqdu| vhwwlqj/ exw irfxv h{foxvlyho| rq wkh vhtxhqwldo yhuvlrq ri wkh oree|lqj jdph xqghu
srolwlfdo xqfhuwdlqw|1 Edqnv dqg Jurvhforvh dqg Vq|ghu orrn dw wkh pdmrulw| jdph zlwk
d khwhurjhqhrxv ohjlvodwxuh dqg vkrz xqghu zklfk frqglwlrqv d vxshupdmrulw| lv rswlpdo1
Glhuphlhu dqg P|huvrq frqvlghu wkh jhqhudo fdvh exw zlwk d krprjhqhrxv ohjlvodwxuh dqg
frqfhqwudwh rq wkh dufklwhfwxuh ri wkh ohjlvodwlyh surfhvv wkdw zrxog pd{lpl}h prqhwdu|
￿
Dqrwkhu dsshdudqfh ri wkh qxfohroxv lq d qrq frrshudwlyh vhwwlqj lv Prqwhur +5339, lq d edujdlqlqj




Sudw dqg Uxvwlfklql +5333, suhvhqw d jhqhudo devwudfw prgho wkdw h{whqgv wkh frpprq djhqf| iudphzrun
dv lw kdv pdq| sulqflsdov +oreelhv khuh, dqg pdq| djhqwv +ohjlvodwruv khuh,1 Krzhyhu/ lw grhv qrw fryhu rxu
vhwwlqj dv wkh| dvvxph wkdw hdfk djhqw +ohjlvodwru khuh, fduhv rqo| derxw klv rzq dfwlrq1
9rhuv1 \rxqj +4<:; d/ e/ f, dqg Vkxeln dqg \rxqj +4<:;, zhuh wkh uvw wr srlqw rxw wkh
uhohydqfh ri wkh ohdvw fruh dqg wkh qxfohroxv wr suhglfw vrph glphqvlrqv ri wkh htxloleulxp
vwudwhjlhv ri wkh oree|lvwv1
Wr wkh ehvw ri rxu nqrzohgjh/ qrerg| kdv |hw lqyhvwljdwhg wkh fdvh ri srolwlfdo xqfhuwdlqw|1
Wklv prgho iroorzv wkh frpprq djhqf| prgho zlwk dgyhuvh vhohfwlrq ri Oh Euhwrq dqg Vdodqlì
+5336,/ h{fhsw wkdw lq frqwudvw wr wkhp zh ljqruh wkh iuhh0ulglqj glphqvlrq ri wkh oree|lqj
surfhvv dqg lwv lpsdfw rq h!flhqf|1
5 Wkh Prgho
Lq wklv vhfwlrq/ zh ghvfuleh wkh pdlq lqjuhglhqwv ri wkh sureohp dv zhoo dv wkh oree|lqj jdph
zklfk frqvwlwxwhv rxu prgho ri yrwh0ex|lqj e| oree|lvwv1
Wkh h{whuqdo irufhv wkdw vhhn wr lq xhqfh wkh ohjlvodwxuh duh uhsuhvhqwhg e| wzr sod|huv/
zkrp zh fdoo oree| 3 dqg oree| 41 Oree| 4 zdqwv wkh ohjlvodwxuh wr sdvv d eloo +fkdqjh/




1 Oree| 3 lv rssrvhg wr wkh eloo
dqg zdqwv wr pdlqwdlq wkh vwdwxv txr1 Oree| 3 lv zloolqj wr vshqg xs wr Z
￿ grooduv wr
suhyhqw sdvvdjh ri wkh eloo zkloh oree| 4 lv zloolqj wr sd| xs wr Z
￿ grooduv wr sdvv wkh eloo1
Vrphwlphv/ zh zloo uhihu wr wkhvh wzr srolflhv lq frpshwlwlrq dv ehlqj srolflhv 3 dqg 41 Zh
dvvxph wkdw {Z  Z
￿ Z






￿ zklfk lv +e| dvvxpswlrq, odujhu wkdq 4 zloo eh fdoohg wkh h!flhqf| wkuhvkrog1 Lw phdvxuhv
wkh lqwhqvlw| ri wkh vxshulrulw| ri wkh uhirup dv frpsduhg wr wkh vwdwxv txr dqg zloo eh xvhg
uhshdwhgo| lq wkh dqdo|vlv1
Wkh ohjlvodwxuh lv ghvfulehg e| d vlpsoh jdph
￿
￿
/ l1h1 d sdlu EQ>Z zkhuh Q ' i>2>===>qj
lv wkh vhw ri ohjlvodwruv dqg Z lv wkh vhw ri zlqqlqj frdolwlrqv1 Wkh lqwhusuhwdwlrq lv dv iroorzv1
D eloo lv dgrswhg li dqg rqo| li wkh vxevhw ri ohjlvodwruv zkr yrwhg iru wkh eloo irupv d zlqqlqj
frdolwlrq1 Iurp wkdw shuvshfwlyh/ wkh vhw ri zlqqlqj frdolwlrqv ghvfulehv wkh uxohv rshudwlqj
lq wkh ohjlvodwxuh wr pdnh ghflvlrqv1 D frdolwlrq F lv eorfnlqj li QqF lv qrw zlqqlqj= vrph
ohjlvodwruv +dw ohdvw rqh, duh qhhghg wr irup d zlqqlqj frdolwlrq1 Zh zloo ghqrwh e| E wkh
vxevhw ri eorfnlqj frdolwlrqv
￿
￿
> iurp wkh ghqlwlrq/ wkh vwdwxv txr lv pdlqwdlqhg dv vrrq








Lq vrfldo vflhqfhv lw lv vrphwlphv fdoohg d frpplwwhh ru d yrwlqj jdph1 Lq frpsxwhu vflhqfh/ lw lv fdoohg d
txruxp v|vwhp +Kro}pdq/ Pdufxv dqg Shohj +4<<:,, zkloh lq pdwkhpdwlfv/ lw lv fdoohg d k|shujudsk +Ehujh




Lq jdph wkhru|/ +Q>Z, lv fdoohg wkh gxdo jdph1
:jdph lv fdoohg vwurqj li E @Z
￿
￿
1 Wkh vhw ri plqlpdo +zlwk uhvshfw wr lqfoxvlrq, zlqqlqj
+eorfnlqj, frdolwlrqv zloo eh ghqrwhg Z
$ +E
$ = D ohjlvodwru lv d gxpp| li kh lv qrw d sduw
ri dq| plqlpdo zlqqlqj frdolwlrq/ zkloh d ohjlvodwru lv d yhwrhu li kh ehorqjv wr doo eorfnlqj
frdolwlrqv1 D jurxs ri ohjlvodwruv irupv dq roljdufk| li d frdolwlrq lv zlqqlqj li dqg rqo| li lw
frqwdlqv wkdw jurxs l1h1 hdfk phpehu ri wkh roljdufk| lv d yhwrhu dqg wkh roljdufk| grhv qrw




l1h1 ohjlvodwruv rxwvlgh wkh roljdufk| duh gxpplhv1 Zkhq
wkh roljdufk| frqvlvwv ri d vlqjoh ohjlvodwru/ wkh jdph lv fdoohg glfwdwruldo1
Lq wklv sdshu/ doo ohjlvodwruv duh dvvxphg wr dfw rq ehkdoi ri vrfldo zhoiduh/ l1h1 wkh| zloo
doo yrwh iru srolf| 4 djdlqvw srolf| 3 li qr rwkhu hyhqw lqwhuihuhv zlwk wkh yrwlqj surfhvv1
Lq frqwudvw wr Edqnv +5333, dqg Jurvhforvh dqg Vq|ghu +4<<9, zh uxoh rxw wkh h{lvwhqfh
ri d krul}rqwdo khwhurjhqhlw| dfurvv ohjlvodwruv1 Krzhyhu/ ohjlvodwruv dovr ydoxh prqh| dqg
zh lqwurgxfh lqvwhdg vrph irup ri yhuwlfdo khwhurjhqhlw|1 Pruh suhflvho|/ zh dvvxph wkdw
ohjlvodwruv glhu dprqj wkhpvhoyhv dffruglqj wr wkhlu zloolqjqhvv wr ghsduw iurp vrfldo zho0
iduh1 Wkh w|sh ri ohjlvodwru l/ ghqrwhg e| 
￿ > lv wkh plqlpdo dprxqw ri grooduv wkdw kh qhhgv
wr uhfhlyh lq rughu wr vdfulfh rqh groodu ri vrfldo zhoiduh1 Wkhuhiruh/ li wkh srolf| dgrswhg






Wr surprwh sdvvdjh ri wkh eloo/ oree| 4 fdq surplvh wr sd| prqh| wr lqglylgxdo ohjlvodwruv
frqglwlrqdo rq wkhlu vxssruw ri wkh eloo1 Vlploduo|/ oree| 3 fdq surplvh wr sd| prqh| wr
lqglylgxdo ohjlvodwruv frqglwlrqdo rq wkhlu vxssruw ri vwdwxv txr1 Zh ghqrwh e| w
￿
%




￿  f wkh +frqglwlrqdo, rhuv pdgh wr ohjlvodwru l e| oreelhv 3 dqg 4 uhvshfwlyho|1 Wkh
fruuhvsrqglqj q0glphqvlrqdo yhfwruv zloo eh ghqrwhg uhvshfwlyho| e| w
￿ dqg w
￿ 1





41 Qdwxuh gudzv wkh w|sh ri hdfk ohjlvodwru1
51 Erwk oree| 3 dqg oree| 4 pdnh frqwlqjhqw prqhwdu| rhuv wr lqglylgxdo ohjlvodwruv1
61 Ohjlvodwruv yrwh1
71 Sd|phqwv +li dq|, duh lpsohphqwhg1








Zkhq wkh vlpsoh jdph lv vwurqj/ wkh wzr frpshwlqj dowhuqdwlyhv duh wuhdwhg htxdoo|1
￿
￿
Wkh yh frxqwulhv ri wkh vhfxulw| frxqflo ri wkh Xqlwhg Qdwlrqv duh yhwrhuv exw vwloo gr qrw irup dq




Vshflf ghwdlov dqg dvvxpswlrqv zloo eh surylghg lq gxh wlph1
;Wkh jdph lv qrw ixoo| ghvfulehg dv zh kdyh qrw |hw suhflvho| ghqhg wkh lqirupdwlrq khog
e| wkh sod|huv zkhq wkh| dfw1 Lq wklv sdshu zh frqvlghu wzr glvwlqfw vhwwlqjv frqfhuqlqj
wkh pryh ri sod|hu qdwxuh/ exw rwkhuzlvh zh dvvxph wkdw wkh yrwhv ri wkh ohjlvodwruv duh
revhuydeoh/ l1h1 zh dvvxph rshq yrwlqj
￿
￿
1 Wkh uvw vhwwlqj wr zklfk zh uhihu dv srolwlfdo
fhuwdlqw| fruuhvsrqgv wr wkh fdvh zkhuh wkh yhfwru ri ohjlvodwruv*v w|shv lv frpprq nqrzohgjh1
Wklv lqirupdwlrqdo vshflfdwlrq kdv wzr lpsolfdwlrqv= uvw/ wkh oreelhv nqrz wkh w|shv ri
wkh ohjlvodwruv zkhq pdnlqj wkhlu rhuv dqg vhfrqg/ hdfk ohjlvodwru nqrzv wkh w|sh ri dq|
rwkhu ohjlvodwru zkhq yrwlqj1 Wkh vhfrqg vhwwlqj wr zklfk zh uhihu dv srolwlfdo xqfhuwdlqw|
fruuhvsrqgv lqvwhdg wr wkh fdvh zkhuh wkh w|sh ri d ohjlvodwru lv sulydwh lqirupdwlrq1 Lq vxfk
d fdvh/ qrw rqo| wkh oreelhv ljqruh wkh w|shv ri wkh ohjlvodwruv exw hdfk srwhqwldo frqwlqxdwlrq
yrwlqj vxejdph lv d Ed|hvldq jdph1 Wklv phdqv wkdw wkhuh lv dq dgyhuvh vhohfwlrq ihdwxuh
lq wkh vwudwhjlf uhodwlrqvkls ehwzhhq oreelhv dqg ohjlvodwruv dqg d Ed|hvldq ihdwxuh lq wkh
vwudwhjlf lqwhudfwlrq dprqj ohjlvodwruv1
Wr frqfoxgh/ wkh ghvfulswlrq lw uhpdlqv wr vshfli| wkh ghwdlov ri wkh ghflvlrq qrghv1 Zh
dvvxph wkdw wkh ohjlvodwruv nqrz wkh rhuv zkhq wkh| duh dvnhg wr yrwh1 Iru wkh oreelhv/ zh
dowhuqdwh ehwzhhq wzr vshflfdwlrqv1 Zh hlwkhu dvvxph wkdw wkh| pryh vlpxowdqhrxvo| ru
lqvwhdg/ wkdw oree| 3 pryhv vhfrqg nqrzlqj wkh rhuv pdgh e| oree| 41
Zh h{dplqh wkh vxejdph shuihfw Qdvk htxloleuld
￿
￿
ri wklv oree|lqj jdph1 Lq vhfwlrq 6 zh
lqyhvwljdwh wkh fdvh ri srolwlfdo fhuwdlqw|1 Wkhq/ lq vhfwlrq 7 zh pryh wr wkh fdvh ri srolwlfdo
xqfhuwdlqw|1
6 Srolwlfdo Fhuwdlqw|
Lq wklv vhfwlrq/ zh frqvlghu wkh fdvh zkhuh wkh yhfwru E
￿ >
) >====>
’  ri ohjlvodwruv*v w|shv
lv frpprq nqrzohgjh dqg/ zlwkrxw orvv ri jhqhudolw|/ zh dvvxph wkdw 
￿  
)  === 

’ 11 Zh uvw h{dplqh wkh vhw ri vxejdph shuihfw Qdvk htxloleuld lq sxuh vwudwhjlhv zkhq
wkh wzr oreelhv dfw vlpxowdqhdrxvo|/ wkdw zh fdoo frpsdfwo| +zlwk d voljkw dexvh ri wkh
whuplqrorj|, Qdvk htxloleuld1 Zh vkrz wkdw wkh| duh h!flhqw exw h{lvw rqo| xqghu yhu|
vwulqjhqw frqglwlrqv1 Wkhq/ zh h{soruh wkh vhw ri vxejdph shuihfw Qdvk htxloleuld lq wkh fdvh
zkhuh wkh wzr oreelhv pryh lq vhtxhqfh/ wkdw zh fdoo Vwdfnhoehuj htxloleuld dqg vkrz wkh




Wkh frpsdudwlyh dqdo|vlv ri forvhg+vhfuhw, yhuvxv rshq yrwlqj lv wkh vxemhfw ri vhyhudo frqwulexwlrqv




Lq wkh fdvh ri srolwlfdo xqfhuwdlqw|/ wkh xowlpdwh vxejdph lv wuxo| d Ed|hvldq jdph wkdw zh vroyh xvlqj
Ed|hvldq0Qdvk htxloleuld1 Zh grq*w xvh wkh whup Ed|hvldq vxejdph shuihfw Qdvk htxloleulxp dv wkhuh lv qr
xsgdwlqj rshudwlrq ri eholhiv lq rxu jdph1
<pxfk vwuxfwxuh rq wkh vlpsoh jdph1 Lq rxu qdo sduw/ zh orrn vshflfdoo| dw wkh fdvh ri wkh
pdmrulw| jdph zlwk wkuhh ohjlvodwruv dqg fdofxodwh wkh Qdvk htxloleulxp lq pl{hg vwudwhjlhv1
614 Qdvk Htxloleuld lq Sxuh Vwudwhjlhv
Lq wklv vhfwlrq zh dvvxph wkdw wkh wzr oreelhv fkrrvh wkhlu rhuv vlpxowdqhrxvo| dqg ohw
Ew
￿ >w






eh d suroh ri oree|lqj vwudwhjlhv1 Lq wkh frqwlqxdwlrq yrwlqj vxejdph/
hdfk ohjlvodwru*v ehkdylru vwurqjo| ghshqgv rq zkhwkhu kh lv slyrwdo ru qrw1 Frqvlghu d
ohjlvodwru zkr h{shfwv wr eh qrq0slyrwdo/ l1h1 zkr h{shfwv wkdw wkh rxwfrph grhv qrw fkdqjh
qr pdwwhu zklfk srolf| kh yrwhv iru1 Wkhq/ vxfk d ohjlvodwru yrwhv lq idyru ri wkh srolf|
suhihuuhg e| wkh oree| wkdw rhuv wkh odujhvw prqhwdu| sd|phqw1 Li ohjlvodwru l eholhyhv wkdw








dqg iru srolf| f rwkhuzlvh1
Li lqvwhdg/ ohjlvodwru l wklqnv wkdw kh lv slyrwdo/ kh yrwhv iru  li dqg rqo| li








dqg iru srolf| f rwkhuzlvh1 Fohduo|/ d ohjlvodwru zlwk qr rhuv iurp oree| 3 yrwhv iru srolf|41





Sursrvlwlrq 4 Doo Qdvk htxloleuld lq sxuh vwudwhjlhv duh Sduhwr h!flhqw1




￿  iru zklfk srolf|
f lv fkrvhq1 Ohw Q




$ 1 Wkhq/ hdfk djhqw lq wklv vhw lv slyrwdo1 Wkhuhiruh/ iru dq| l 5 Q
￿ +5,
duh vdwlvhg1 Dq| djhqw l 5 Q
￿ lv qrw slyrwdo dqg +4, vkrxog eh vdwlvhg1 Wkh qhw sd|r

























￿ 1 Oree| 4 frxog
sd| f wr doo ohjlvodwruv lq Q





￿ ' f iru doo l 5 Q









Vrph uhdghuv pd| eh vxusulvhg e| wkh idfw wkdw zh gr qrw qhhg wr uhqh wkh vhw ri Qdvk htxloleuld
wr uhdfk wkdw frqfoxvlrq1 Lq wkh frpprq djhqf| vhwwlqj/ Ehuqkhlp dqg Zklqvwrq +4<;9, xvh wkh wuxwkixo
uhqhphqw wr uxoh rxu lqh!flhqw Qdvk htxloleuld1 Exw vxfk d uhqhphqw lv qrw qhhghg khuh dv zh kdyh rqo|
wzr srvvleoh ghflvlrqv1
43Wkhuhiruh/ erwk oreelhv 3 dqg 4 pdnh rhuv rqo| wr wkh ohjlvodwruv lq Q
￿ 1




￿ A f vlqfh wkh ohiw0kdqg vlgh lv qrq0
qhjdwlyh1 Oree| 3 frxog uhgxfh klv wudqvihu voljkwo| zlwkrxw fkdqjlqj wkh rxwfrph1 Wkxv/


































































￿ ' f iru doo l 5 Q
￿ / oree| 4 frxog voljkwo| lqfuhdvh lwv rhuv
wr doo l 5 Q
￿ dqg fkdqjh wkh rxwfrph iurp f wr  lq frqwudglfwlrq zlwk rxu dvvxpswlrq1
Fdvh 5= Q
￿ @ 5 E
$ 1 Vlqfh qrqh ri wkh ohjlvodwruv iurp Q










￿ iru doo l 5 Q
￿ 1
Wkhq/ wkh dujxphqwv xvhg lq fdvh 4 dsso|1
Wkh qh{w sursrvlwlrq h{klelwv vhyhudo qhfhvvdu| frqglwlrqv rq vxfk htxloleuld1 Zkloh
vwulqjhqw/ wkhvh frqglwlrqv fryhu wkh wudglwlrqdo frpprq djhqf| vhwwlqj1













￿ iru doo V 5 E
$ / wkhq w
*
￿ ' f1
+ll, Li e V lv dq roljdufk| dqg {Z
￿ ? Z












Surri1 Wkh surri ri +l, iroorzv lpphgldwho| iurp wkh revhuydwlrq wkdw oree| 3 jurvv
ehqhw lv qrw hqrxjk wr frpshqvdwh d plqlpdo eorfnlqj frdolwlrq ri ohjlvodwruv1 wkh surri ri
+ll, lv dovr yhu| vlpsoh1 E| sursrvlwlrq 4 wkh htxloleulxp lv h!flhqw1 Wklv lpsolhv wkdw hdfk
yhwr sod|hu dqg wkhuhiruh hdfk phpehu l ri wkh roljdufk| e V pxvw uhfhlyh dw ohdvw Z
￿ {Z
￿ 1
Wkhuh lv qr qhhg wr pdnh dq rhu wr dq| rwkhu sod|hu dv wkh| duh gxpplhv ru wr sd| pruh
wr wkh yhwrhuv/ dv lw grhv qrw dgg dq|wklqj1
Xqiruwxqdwho|/ wkhvh uhvxowv duh plwljdwhg e| wkh idfw wkdw wkh oree|lqj jdph w|slfdoo|
grhv qrw srvvhvv Qdvk htxloleuld lq sxuh vwudwhjlhv1 Lq wkh fdvh zkhuh Z lv wkh pdmrulw|
jdph/ wkh oree|lqj jdph kdv wkh vwuxfwxuh ri dq dv|pphwulf Frorqho Eorwwr jdph +Jurvv dqg
Zdjqhu +4<83,/ Odvolhu dqg Slfdug +5335,, iru zklfk lw lv zhoo nqrzq wkdw Qdvk htxloleuld
lq sxuh vwudwhjlhv gr qrw h{lvw dv vrrq dv wkh dv|pphwu| lv wrr vpdoo1 Lq wklv olwhudwxuh/
wkh wzr frpshwlwruv duh frqvwudlqhg e| wkhlu exgjhwv zkloh khuh wkhuh duh qr vxfk qdqfldo
frqvwudlqwv1 Qrwh krzhyhu wkdw dv orqj dv zh frqvlghu sxuh vwudwhjlhv/ qrqh ri wkh oree|
zloo vshqg pruh wkdq lwv jurvv ehqhw dqg zloo vshqg wkh wrwdolw| ri wklv jurvv ehqhw li wklv
44fdq suhyhqw wkh rwkhu oree| iurp zlqqlqj1 Wklv htxlydohqfh grhv qrw krog lq wkh fdvh ri
pl{hg vwudwhjlhv1 Zkloh glvfrqwlqxrxv/ wklv jdph dgplwv htxloleuld lq pl{hg vwudwhjlhv> vrph
ihdwxuhv ri wkhvh htxloleuld duh ghvfulehg lq vxevhfwlrq 6161
Li wkh dv|pphwu| ehwzhhq wkh oree|lvwv lv odujh hqrxjk/ wkh h{lvwhqfh ri dq htxloleulxp













Ef>f lv d Qdvk htxloleulxp1 Wkh vhfrqg sduw ri sursrvlwlrq 5 jhqhudol}hv Oh Euhwrq dqg
Vdodqlì +5336, zkr frqvlghu wkh frpprq djhqf| iudphzrun l1h1 wkh fdvh ri d glfwdwruldo
vlpsoh jdph1 Lq wkdw fdvh/ d Qdvk htxloleulxp dozd|v h{lvwv dv zh kdyh dvvxphg Z
￿ A Z
￿ =
wkh xqltxh glfwdwru uhfhlyhv Z
￿ iurp oree| 41 Zkhq wkhuh duh ohdvw wzr yhwrhuv lq wkh





￿ = Iurp sursrvlwlrq 5 +ll,/ zh ghgxfh wkdw w
*
￿ ' 2Z




Lq idfw/ wklv orjlfdo dujxphqw djdlqvw wkh h{lvwhqfh ri d Qdvk htxloleulxp lq sxuh vwudwhjlhv




￿  eh d Qdvk htxloleulxp1 Iurp
sursrvlwlrq 4/ wkh uhirup lv vhohfwhg1 Wklv lpsolhv wkdw d zlqqlqj frdolwlrq V ri ohjlvodwruv










￿ {Z iru doo l 5 Q1 Zh ghgxfh wkdw wkhuh lv dw prvw d plqlpdo zlqqlqj












￿ ' f iru
doo vxfk l dv qrqh ri wkhvh ohjlvodwruv lv slyrwdo1 Ixuwkhupruh vlqfh wkh vlpsoh jdph lv qrw
roljdufklf/ wkhuh lv d plqlpdo zlqqlqj frdolwlrq glhuhqw iurp W1 Ohw W
6







￿ ' f iru doo l 5 EQqW _ W
6
dqg pxvw eh plqlpdo zlqqlqj/ dv dq| dgglwlrqdo rhu











￿  % iru vrph vpdoo hqrxjk iru doo l 5 W _ W
6
1 Iurp wkh frqvwuxfwlrq/ ohjlvodwruv lq
W
6




￿ lv vpdoohu wkdq wkh frvw dwwdfkhg wr wkh vwudwhj|
w
*




￿  lv d Qdvk htxloleulxp1
615 Vwdfnhoehuj Htxloleulxp
Lq wklv vhfwlrq/ zh h{dplqh wkh htxloleulxp sdwk zklfk dulvhv zkhq/ lqvwhdg ri prylqj
vlpxowdqhrxvo|/ wkh wzr oree|lvwv pryh lq vhtxhqfh1 Iroorzlqj Edqnv +5333,/ Glhuphlhu dqg
P|huvrq +4<<<, dqg Jurvhforvh dqg Vq|ghu +4<<9,/ zh dvvxph wkdw oree| 4/ wkh dgyrfdwh
iru fkdqjh/ pxvw pdnh wkh uvw pryh dqg dqqrxqfh lwv rhuv uvw/ dqg oree|4*v rhuv duh
nqrzq wr oree| 3 zkhq oree| 3 pdnhv lwv rhuv wr lqgxfh ohjlvodwruv wr rssrvh wkh eloo1 Lq







Lq wklv jdph/ wkhuh lv d vhfrqg pryhu dgydqwdjh1
45Wkh vxejdph0shuihfw htxloleulxp ri wklv vhtxhqwldo yhuvlrq ri wkh oree|lqj jdph fdq eh









￿  5 ?
’
(
eh oree| 4*v rhuv1 Oree| 3 zloo qg lw


























































Wkh uvw vhw ri lqhtxdolwlhv lpsolhv wkdw ohjlvodwruv lq V zloo yrwh djdlqvw wkh eloo zkloh
wkh odvw rqh vlpso| vd|v wkdw wkh rshudwlrq lv ehqhfldo iurp wkh shuvshfwlyh ri oree| 31
Wkhuhiruh / li oree| 4 zdqwv wr pdnh dq rhu wkdw fdqqrw eh fdqfhoohg rxw e| oree| 3/ lw















￿ iru doo V 5 E1
Wkh fkhdshvw rhu w


































￿  f iru doo l 5 Q=
Oree| 4 zloo qg lw surwdeoh wr rhu wkh rswlpdo vroxwlrq w
*
￿ ri sureohp +6, li wkh rswlpdo
ydoxh ri wklv olqhdu surjudpplqj sureohp lv ohvv wkdq Z
￿ = Lw lv wkhq lpsruwdqw wr eh deoh
wr frpsxwh wklv rswlpdo ydoxh1 Wr gr vr/ zh uvw lqwurgxfh wkh iroorzlqj ghqlwlrq iurp
frpelqdwruldo wkhru|1
Ghqlwlrq 4 Ohw K ' EQ>K eh dq duelwudu| k|shujudsk1 D iudfwlrqdo fryhu ri K lv d










￿   iru doo V 5 K +7,
dqg w
￿  f iru doo l 5 Q=












EV   iru doo l 5 Q +8,
dqg EV  f iru doo V 5 K1









￿ vxemhfw wr wkh frqvwudlqwv +7, lv fdoohg dq rswlpdo



















, EV vxemhfw wr wkh frqvwudlqw +8, lv fdoohg dq rswlpdo iudf0










EV lv fdoohg wkh iudfwlrqdo pdwfklqj qxpehu1







1 Wkh iroorzlqj uhvxow vxppdul}hv wkh
htxloleulxp dqdo|vlv ri wkh vhtxhqwldo jdph1



















iru doo iudfwlrqdo pdwfklqjv
 ri EQ>E dqg wkhq oree| 4 rhuv dq rswlpdo vroxwlrq w
*
￿ wr sureohp +6, dqg oree| 3 rhuv




















iru dw ohdvw rqh iudfwlrqdo pdwfklqj  ri
EQ>E dqg wkhq erwk oree|lvwv surplvh qrwklqj dqg vr wkh eloo lv qrw sdvvhg1
Surri1 Ohw y
*
eh wkh rswlpdo ydoxh ri sureohp +6,1 Iurp wkh gxdolw| wkhruhp ri olqhdu
surjudpplqj/ y
*






























EV   iru doo l 5 Q




Vhh iru lqvwdqfh wkhruhp 8181 lq I uhgl +4<;;,1
47Wkh frqfoxvlrq iroorzv1








￿ {Z  f iru doo
V 5 E/ wkhq  ' f lv d vroxwlrq dqg wkhuhiruh y
*
' f1 Zh duh lq fdvh +l, exw oree| 4 surplvhv








￿ {Z A f iru dw ohdvw rqh V 5 E/ wkhq y
*
A f1 Qrwh ixuwkhu




























































































































































wkhq/ zh duh lq fdvh +ll,1 Lqhtxdolw| +:, lv vlpso| d vx!flhqw frqglwlrq iru fdvh +ll, wr
suhydlo1 Lw lv dovr qhfhvvdu| iru dq| sureohp zkhuh lw fdq eh vkrzq wkdw doo wkh frruglqdwhv
ri w
*
￿ > wkh vroxwlrq wr sureohp +6,/ duh vwulfwo| srvlwlyh1 Lqghhg/ lq wkdw fdvh/ zh ghgxfh iurp








EV '  iru doo l 5 Q>
dqg +9, ehfrphv dq htxdolw|1 Wklv ohdgv wr wkh txhvwlrq= zkhq lv lw wkh fdvh wkdw wkh
fkhdshvw vwudwhj| ri oree| 4 frqvlvwv ri eulelqj wkh zkroh ohjlvodwxuhB Zh rhu dq dqvzhu wr
wkdw txhvwlrq lq wkh fdvh zkhuh q lv rgg l1h1 q ' 2n   iru vrph lqwhjhu n  2 dqg EQ>Z
48lv wkh pdmrulw| jdph1













































$ li dq| dqg p
*























Surri1 Dvvxph zlwkrxw orvv ri jhqhudolw| wkdw 
￿  
















￿  eh dq rswlpdo vroxwlrq wr sureohp +6, dqg Q
*















{Z iru doo l>m 5 Q
*
1










































￿ iru vrph e V  Q vxfk wkdw rV ' n dqg l 5 V


























frqwudglfwlqj rxudvvxpswlrq wkdw w
*










































￿  % iru vrph % A f1 Li % lv vhohfwhg vpdoo



























￿ / zh frqwudglfw rxu dvvxpswlrq wkdw w
*





iru doo l 5 Q
*
dqg m @ 5 Q
*
Dvvxph rq wkh frqwudu| wkdw 
￿  
J
iru vrph l 5 Q
*
dqg m @ 5 Q
*






























￿ iru vrph e V  Q vxfk wkdw rV ' n dqg l 5 V

























frqwudglfwlqj rxu dvvxpswlrq wkdw w
*
￿ lv d vroxwlrq wr sureohp+6,1 Wkh frqfoxvlrq surfhhgv
dv lq fodlp 41
Iurp fodlpv 4 dqg 5/ zh ghgxfh wkdq dq rswlpdo vwudwhj| w
*

























{Z A f iru doo m ' >=======>p
*
=
Frqvlghu uvw wkh fdvh zkhuh p
*
 n1 Wkh prvw vhyhuh frqvwudlqw lv dwwdfkhg wr wkh
















































lv frqfdyh dv d ixqfwlrq
ri p1 Wkhuhiruh/ wkhuh lv d xqltxh ydoxh p
*
ri p iru zklfk wkh h{suhvvlrq deryh uhdfkhv





















Frqvlghu qrz wkh fdvh zkhuh p
*
? n1 Wkh prvw vhyhuh frqvwudlqw lv vwloo dwwdfkhg wr wkh
























































































￿ lv lqfuhdvlqj lq p dqg wdnhv wkh ydoxh
n{Z
K












$ li dq| dqg p
*





1 Wkhq ohw p eh wkh vpdoohvw


























































































































l1h1 lqhtxdolw| +:, vlqfh 
*
EE ' 2 
￿
K 1 Iru oree| 4 wr euleh dw ohdvw d pdmrulw| ri






































dqg oree| 4 zloo wkhuhiruh dozd|v qg lw










wkhq/ oree| 4 grhv qrw rhu dq| euleh1
Rqh qrwhzruwk| ihdwxuh ri lqhtxdolw| +:, lv wkdw lw hvwdeolvkhv d frqqhfwlrq ehwzhhq





EE ghvfulehv dq lpsruwdqw ihdwxuh ri wkh ghflvlrq pdnlqj surfhvv lq wkh ohjlvodwxuh1 Lw
vxjjhvwv wkdw wkh odujhu wklv frpelqdwruldo lqyduldqw lv/ wkh odujhu wkh h!flhqf| wkuhvkrog







Wklv lv wkh pdlq uhvxow ri Glhuphlhu dqg P|huvrq +4<<<,1 Wkh| fdoo 
[ +E, wkh kxugoh idfwru ri wkh
ohjlvodwxuh exw gr qrw srlqw rxw wkh frqqhfwlrq zlwk wkh frpelqdwrulfv ri vhwv1
4<sursrvlwlrq 4/ zh vhh wkdw li 
￿ ' ======= ' 
’








Wkh olwhudwxuh rq k|shujudskv frqwdlqv pdq| uhvxowv rq wkh h{dfw ydoxh ru erxqgv ri

*
EE1 Vrph ri wkhvh uhvxowv
Y
!
\ pdnh xvh ri wkh fryhulqj dqg pdwfklqj qxpehuv ri d k|0
shujudsk K ' EQ>K/ ghqrwhg uhvshfwlyho| EK dqg #EK/ dqg ghqhg dv wkh iudfwlrqdo
fryhulqj dqg pdwfklqj qxpehuv h{fhsw iru wkh idfw wkdw wkh yhfwru w dqg  duh frqvwudlqhg






Frpsxwlqj wkh iudfwlrqdo fryhulqj qxpehu ri d k|shujudsk lv QS0frpsohwh1 Wkh fdofx0
odwlrq ri 
*
EK lv vwudljkwiruzdug iru vrph vlpsoh k|shujudskv1 Iru lqvwdqfh/ zkhq V 5 K

















‘ eh d idplo|
ri U k|shujudskv zlwk Q
^ _ Q
; ' B iru doo u>w ' >===>U zlwk u 9' w1 Ohw EQ>K eh vxfk





^ dqg V 5 K l V _ Q
^ 5 K
^ iru doo u ' >====>U1 Wklv lv wkh ghqlwlrq ri d
pxowlfdphudo ohjlvodwxuh dv ghqhg e| Glhuphlhu dqg P|huvrq +4<<<,= d uhirup lv dssuryhg
li lw lv dssuryhg lq doo wkh glhuhqw U fkdpehuv dffruglqj wr wkh uxohv +srvvleo| glhuhqw, lq
















eh d k|shujudsk rq wkh vhw ri fkdpehuv= h K ghvfulehv wkh srzhu ri frdolwlrqv ri fkdpehuv
+ghqlwlrq ri Glhuphlhu dqg P|huvrq +4<<<, fruuhvsrqgv wr wkh fdvh zkhuh h K ' ii>====>Ujj
l1h1 hdfk fkdpehu kdv d yhwr srzhu,1 Lq wkh jhqhudo fdvh/ V 5 K l=
iu 5 i>====>Uj G V _ Q
^ 5 K
^ j 5 h K=
Wkh frpsxwdwlrq ri 
*








Dprqj zklfk wkh lpsruwdqw Orydv}*v lqhtxdolw| +4<:8,1
53EQ
^ >K
^  iru doo u ' >=====>U/ wkhq EQ>K lv dovr xqlirup1 I uhgl +4<;4,*v lqhtxdolw| jlyhv dq
xsshu erxqg rq 
*






^  iru doo u ' >====>U




b  p iru doo u>u
6
' >=====>U/ zh fdq
vkrz wkdw li p dqg U duh odujh lqwhjhuv/ wkhq 
*
EK * e1
Dqrwkhu lpsruwdqw fdvh fruuhvsrqgv wr surmhfwlyh sodqhv1 Dq Eu>ghvljq lv d k|0
shujudsk EQ>K vxfk wkdw iru doo l 5 Q/ riV 5 K G l 5 Vj ' u dqg iru doo il>mj  Q/
riV 5 K G il>mj  Vj ' 1 Lw lv fdoohg v|pphwulf li rQ ' rK d surmhfwlyh sodqh ri rughu










Zh frqfoxgh wklv vhfwlrq e| frqvlghulqj wkh fdvh ri d zhljkwhg pdmrulw| jdph1 Ohw $
￿ A f
eh wkh zhljkw dwwdfkhg wr ohjlvodwru
Y
7



















ghqrwh e| $  E$
￿ >====>$
’  wkh vlpsoh jdph + zloo eh fdoohg d uhsuhvhqwdwlrq, ghqhg lq wkdw
zd| dqg dvvxph iurp qrz wkdw lw lv vwurqj1 Lw lv lpsruwdqw wr qrwh wkdw wkh vdph jdph pd|
dgplw vhyhudo uhsuhvhqwdwlrqv1 Lvehoo +4<89,
Y
7
l kdv ghprqvwudwhg wkdw wkhuh h{lvwv d xqltxh
















$ 1 Wklv uhsuhvhqwdwlrq lv fdoohg wkh krprjhqhrxv uhsuhvhqwdwlrq ri wkh vlpsoh







￿ '  lv fdoohg wkh krprjhqhrxv






 li V 5 Z
f li V @ 5 Z
=
Shohj +4<9;, kdv ghprqvwudwhg
Y
8
n wkdw wkh qrupdol}hg krprjhqhrxv uhsuhvhqwdwlrq ri
EQ>Z frlqflghv zlwk wkh qxfohroxv { ri EQ>Y 1 Vlqfh wkh jdph EQ>Y  lv vlpsoh/ rqo|




































































Lq vxfk vhwwlqj/ lw lv pruh uhohydqw wr frqvlghu wkh sod|huv dv ehlqj wkh ohdghuv ri wkh glhuhqw sduwlhv








Vhh dovr/ Shohj dqg Urvhqp oohu +4<<5,1











Surri1 E| ghqlwlrq ri F
*




















iru doo V 5 Z
$ =


























































￿   iru doo V 5 Z
$ =









































/ wklv frqwudglfwv rxu ghqlwlrq ri F
*
=
Sursrvlwlrq 8/ frpelqhg zlwk Shohj*v uhvxow/ surylghv d qlfh dqg vlpsoh zd| wr fdofxodwh

*
EZ iru vwurqj zhljkwhg pdmrulw| jdphv1 Wkh wdvn dprxqwv wr glvfryhulqj wkh zhljkw ri
hdfk plqlpdo zlqqlqj frdolwlrq lq wkh qrupdol}hg krprjhqhrxv uhsuhvhqwdwlrq dqg wr wdnh




Wkh vroxwlrqv { wr wkh deryh sureohp frqvwlwxwh zkdw lv fdoohg wkh ohdvw fruh lq devwudfw frrshudwlyh
jdph wkhru|1 Zh zrxog olnh wr wkdqn U1 Kro}pdq iru fdoolqj wkdw vlpsoh exw xvhixo dujxphqw dqg wkh
frqqhfwlrq wr wkh ohdvw fruh wr rxu dwwhqwlrq1 Diwhu frpsohwlqj rxu sdshu/ zh kdyh glvfryhuhg/ zkloh uhdglqj
Prqwhur +5338,/ wkdw \rxqj +4<:;, glg uhdfk wkh vdph frqfoxvlrq1 Kh dovr srlqwv rxw wkh uhohydqfh ri wkh
ohdvw fruh dqg wkh qxfohroxv wr suhglfw rhuv lq oree|lqj jdphv vkdulqj vlplodulwlhv zlwk rxuv1
55qxpehu ri uhsuhvhqwdwlyhv ri hdfk sduw| lv ghvfulehg e| wkh yhfwru $ ' Eeb>.>.>.1 Wklv





$ l V ' i>2j>i>j>i>ej ru i2>>ej=

















Ehvlghv wkh nqrzohgjh ri 
*




￿ lv doorfdwhg dfurvv sduwlhv1 Wkh dqvzhu wr wklv txhvwlrq lv surylghg e| dq rswlpdo
iudfwlrqdo fryhu w
*
1 Zkhq wkh vlpsoh jdph lv v|pphwulf/ qrw vxusulvlqjo|/ doo wkh ohjlvodwruv
uhfhlyh wkh vdph dprxqw1 Zkhq wkh jdph lv qrw v|pphwulf/ wkhq wkh txhvwlrq dulvhv ri krz
w
*
￿ lv uhodwhg wr wkh srzhu ri ohjlvodwru l1 Wkhuh lv dq h{whqvlyh olwhudwxuh rq wkh phdvxuhphqw
ri wkh srzhu ri sod|huv lq vlpsoh jdphv zlwk d surplqhqw sodfh rffxslhg e| wkh Edq}kdi
lqgh{ +4<98/ 4<9;, dqg wkh Vkdsoh|0Vkxeln lqgh{ +4<87,1 Wkh lqwxlwlrq wkdw wkh sd|rv




￿ 1 Lq rxu frqwh{w/ dv zh kdyh mxvw vhhq/ wkh uhodwlyh vkduhv ri wkh ohjlvodwruv
fruuhvsrqg wr wkh qxfohroxv ri wkh qrupdol}hg vlpsoh jdph ru htxlydohqwo| wr wkh zhljkwv lq
wkh krprjhqhrxv uhsuhvhqwdwlrq1
616 Wkh Pdmrulw| Jdph zlwk Wkuhh Ohjlvodwruv
Lq wklv vxevhfwlrq/ zh looxvwudwh krz rxu uhvxowv dsso| wr wkh vlpsohvw vlpsoh jdph ri lqwhuhvw=
wkh pdmrulw| jdph dprqj wkuhh ohjlvodwruv zlwk vlplodu zhljkwv1 Wkh iroorzlqj sursrvlwlrq




) 1 Dv ehiruh/ zh dvvxph





Sursrvlwlrq 9 +l, D Qdvk htxloleulxp lq sxuh vwudwhjlhv h{lvwv l {ZE
￿ n 
)   Z
￿ 1 Dw
htxloleulxp/ qrqh ri wkh oree|lvwv pdnhv rhuv1
+ll, Lq wkh Vwdfnhoehuj htxloleulxp/ oree| 5 qhyhu pdnhv rhuv dqg
Hlwkhu +ll4, {ZE
￿ n 
)   Z
￿ lq zklfk fdvh/ oree| 4 grhv qrw pdnh rhuv1
Ru +ll4, {ZE
￿ n
)   Z
￿ ? 2{Z












Iru lqvwdqfh/ lq d ohjlvodwlyh vhwwlqj ghvfulehg dv d edujdlqlqj jdph d od Edurq0Ihuhmrkq +4<;<,/ Vq|ghu/
Wlqj dqg Dqvrodehkhuh1 5338 vkrz wkdw wkh h{shfwhg htxloleulxp sd|rv ri wkh ohjlvodwruv duh sursruwlrqdo wr
wkhlu zhljkwv1 Prqwhur +5338, dovr irxqg d udwlrqdoh iru wkh qxfohroxv lq d vrphzkdw frpsdudeoh edujdlqlqj
vhwwlqj1
56Ru +ll6, 2{Z
)   Z
￿ ? 2{Z
￿


























 dqg pdnhv qr rhu rwkhuzlvh1
Lqvwhdg ri fdofxodwlqj wkh Vwdfnhoehuj htxloleulxp/ zh frxog frqvlghu/ dv vxjjhvwhg e|
Jurvvpdq dqg Khospdq +5334, wkh srvvlelolw| iru wkh oree|lvwv wr udqgrpl}h ryhu wkhlu
prqhwdu| wudqvihuv1 Wkh ghwhuplqdwlrq ri d Qdvk htxloleulxp lq pl{hg vwudwhjlhv lv dq
dowhuqdwlyh zd| wr kdqgoh wkh qrq0h{lvwhqfh sureohp ghvfulehg lq wkh suhfhglqj vhfwlrq1
Sursrvlwlrq : Dvvxph wkdw {ZE
￿ n
)   Z
￿ 1 Wkhq/ d pl{hg0vwudwhj| htxloleulxp h{lvwv
zlwk wkh iroorzlqj ihdwxuhv1 Oree| f pdnhv rhuv wr ohjlvodwruv l ' >2 zlwk wkh suredelolw|










































￿ n i Z
￿ @2
l 1
Oree|  pdnhv dq rhu mxvw wr rqh ri wkh ohjlvodwruv l ' >2 zlwk htxdo suredelolw|1 Wkh
























Surri1 D sulrul dq| ohjlvodwru l suhihuv wr yrwh iru srolf| / dqg wr pdnh klp lqglhuhqw
ehwzhhq wzr srolflhv oree| f kdv wr sd| {Z
￿ 1 Zh vkrz wkdw vwudwhjlhv ghvfulehg deryh
irup dq htxloleulxp1
Iluvw/ frqvlghu wkh fkrlfh ri oree| 1 Jlyhq wkdw oree| f lv eulelqj djhqwv l ' >2/ lw
lv hqrxjk iru oree| 4 wr euleh mxvw rqh ri wkhvh djhqwv wr jhw srolf| 41 Vlqfh wkh kljkhvw
dprxqw wkdw oree| f fdq rhu wr ohjlvodwru l lv {
￿ n i Z
￿ @2/ oree|  zloo qhyhu rhu pruh
wkdq i Z




/ l1h1 wkh jurxs lv lqglhuhqw dprqj wkhvh dowhuqdwlyhv1
Vxssrvh wkdw oree| 4 pdnhv srvlwlyh rhu { wr ohjlvodwru  dqg }hur wr ohjlvodwru 21 Wkhq
h{shfwhg sd|r ri oree| 4 jlyhq wkh ehkdylru ri oree| f lv H dX





Vlqfh lw lv htxdo wr Z
￿ i Z
￿ @2/ H dX
￿ m{>fo grhv qrw ghshqg rq {1 Lw lv fohdu wkdw H dX
￿ m{>fo '
H dX
￿ mf>{o1 Wkhuhiruh/ oree| 4 dfklhyhv wkh vdph h{shfwhg sd|r iru glhuhqw frqwulexwlrq
ohyhov/ dqg lw lv dovr lqglhuhqw ehwzhhq eulelqj ohjlvodwru  ru eulelqj ohjlvodwru 21
57Qrz/ ohw xv frqvlghu wkh ehkdylru ri oree| 31 Lw qhhgv wr ex| dw ohdvw wzr yrwhv +vlpsoh
pdmrulw|, wr jhw lwv suhihuuhg rxwfrph1 Wkh fkhdshvw zd| lv wr euleh ohjlvodwruv  dqg 21
Iru oree| 3/ lw lv d zdvwh ri uhvrxufhv wr rhu wr ohjlvodwru l ' >2 d srvlwlyh euleh ohvv wkdq
{
￿ / vlqfh lq wkdw fdvh wkh ohjlvodwru zrxog suhihu srolf| 1 Li oree| 4 grhv qrw pdnh dq
rhu wr ohjlvodwru l/ wkhq e| rhulqj {
￿ oree| f pdnhv ohjlvodwru l lqglhuhqw ehwzhhq wkh









’ fdq eh glylghg htxdoo| ehwzhhq ohjlvodwruv l ' >21
Wkxv/ wkh pd{lpxp srvvleoh rhu lv fdofxodwhg dv {
￿ n i Z
￿ @21 Wkhq/ lw lv qhfhvvdu| wr
vkrz wkdw oree| 3 lv lqglhuhqw dprqj wkh eulehv E{>| zlwk { 5
k
f>{











Vxssrvh wkdw oree| 3 rhuv { dqg | uhvshfwlyho| wr ohjlvodwru l ' >21 Jlyhq wkh htxlole0






￿  {  |I
￿
















￿  {  |I
￿













￿ m{>|o grhv qrw ghshqg rq { dqg |/ l1h1 oree| 3 dfklhyhv wkh vdph h{shfwhg
sd|r iru dq| sdlu ri rhuv { dqg |/ hdfk ri zklfk lv ohvv ru htxdo wr {
￿ n i Z
￿ @21 Wkxv/
oree| 3 lv zloolqj wr udqgrpl}h lq wkh ghvfulehg pdqqhu dv zhoo dv oree| 41
Qrwh wkdw lq wklv Qdvk htxloleulxp lq pl{hg vwudwhjlhv/ oree| 3 jhwv dq h{shfwhg sd|r
htxdo wr 3/ zklfk lv wkh vdph dv li lw kdg qr rssruwxqlw| wr elg iru yrwhv1 Wkxv/ lw jhwv qr






) 1 Wkh rxwfrph lv
udqgrp1 Wkh h!flhqw srolf| lv fkrvhq li wkh rhu ri oree| f wr d frqwhvwhg ohjlvodwru l grhv
qrw h{fhhg wkh rhu ri oree|  e| dq dprxqw htxdo wr {Z
￿ 1 Rwkhuzlvh/ wkh lqh!flhqw
srolf| lv fkrvhq1 Wkh suredelolw| S ri vhohfwlqj wkh h!flhqw rxwfrph lv jlyhq e|=


















































Wkh frpsxwdwlrq ri S surfhhgv vwhszlvh1 Wkh suredelolw| ri oree| *v vxffhvv/ jlyhq wkh
idfw wkdw lw rhuv { wr ohjlvodwru  lv hEP
￿ zlqvm{>f ' I
￿
￿ E{n{
￿ 1 Xvlqj wkh glvwulexwlrq
58ri { lw lv hdv| wr vkrz wkdw=














































































￿ A f vlqfh wkh uvw whup lv }hur1 Li 






















Lq wklv vhfwlrq/ zh dqdo|}h wkh oree|lqj jdph xqghu srolwlfdo xqfhuwdlqw| lq wkh fdvh zkhuh
wkh vlpsoh jdph lv wkh pdmrulw| jdph zlwk dq rgg qxpehu q ' 2n n  ri ohjlvodwruv1 zh
dvvxph wkdw wkh w|shv 
￿ ri wkh ohjlvodwruv duh lqghshqghqwo| dqg lghqwlfdoo| glvwulexwhg
iurp d frqwlqxrxv fxpxodwlyh glvwulexwlrq ixqfwlrq
￿
I
￿ I zlwk erxqghg vxssruw d> 7 o zkhuh
f   ? 7 1 Zh ghqrwh e| i wkh suredelolw| ghqvlw| ixqfwlrq/ zklfk lv dvvxphg wr eh vwulfwo|










714 Wkh Rswlpdo Vwudwhj| ri Oree| 3 zkhq Oree| 4 lv Lqdfwlyh





￿ ' f1 Wklv lv dq lpsruwdqw
ehqfkpdun wr vwduw rxu h{sorudwlrq ri wkh frpshwlwlrq ehwzhhq wkh wzr oreelhv1 Lq vxfk d








Vrph dxwkruv vlpso| ljqruh wkh h{lvwhqfh ri vhyhudo oreelhv dqg wkh frpshwlwlyh dvshfw uhvxowlqj iurp
wkdw1 Rqh srvvleoh mxvwlfdwlrq lq rxu frqwh{w lv wr dujxh wkdw oree| 4 fdqqrw ryhufrph lwv rzq froohfwlyh
dfwlrq gl!fxowlhv dqg dfw h!flhqwo| zlwk uhvshfw wr lwv rzq joredo vwdnh1
59phuho| dq djhqf| sureohp zlwk dgyhuvh vhohfwlrq zkhuh wkh sulqflsdo lv oree| 3 dqg wkh
djhqwv duh wkh q ohjlvodwruv1 Wkh frq lfw ri lqwhuhvw dulvhv iurp rxu dvvxpswlrq wkdw/ zlwkrxw
frpshqvdwlrq/ ohjlvodwruv zrxog yrwh iru srolf| 41 Wkh frqwudfwxdo sureohp idfhg e| oree| 3




frqglwlrqdo rq yhuldeoh lqirupdwlrq1 Jlyhq rxu
revhuydelolw| dvvxpswlrqv/ wklv lqirupdwlrq frqvlvwv ri wkh q0glphqvlrqdo yhfwru ri lqglylgxdo
yrwhv1 Lq sulqflsoh/ oree| 3 frxog pdnh wkh sd|phqw wr ohjlvodwru l frqwlqjhqw xsrq wkh yrwhv
ri rwkhu ohjlvodwruv dv zhoo ru d jhqhudo vwdwlvwlf ghshqglqj xsrq wkh zkroh suroh ri yrwhv1




￿ li dqg rqo| li kh yrwhg djdlqvw wkh eloo1 Wklv h{foxghv/ iru lqvwdqfh/ wkh lqjhqlrxv
frqwudfwxdo vroxwlrq ri Gdo Er +5335, zkhuh d jlyhq ohjlvodwru lv sdlg rqo| lq wkh hyhqw zkhuh
klv yrwh kdv ehhq ghflvlyh1
Wkh uhvw ri wklv vhfwlrq lv ghyrwhg wr d frpsohwh dqdo|vlv ri wklv sulqflsdo0djhqw+v, sureohp
l1h1 wr d fkdudfwhul}dwlrq ri wkh pdlq ihdwxuhv ri wkh rswlpdo vwudwhj| W
*
￿ 1 Zh zloo ghqrwh
e| q
*









Wklv lv dq lpsruwdqw ihdwxuh ri wkh vwudwhj| dv lw surylghv dq dqvzhu wr wkh txhvwlrq=
krz odujh lv wkh vxshupdmrulw| erxjkw e| oree| 3B D vhfrqg ihdwxuh lv wkh wrwdo dprxqw
ri grooduv sdlg e| oree| 31 Iurp lwv shuvshfwlyh/ wklv lv d ulvn| survshfw/ dv lw grhv qrw













￿ mxvw uhsuhvhqwv wkh xsshu erxqg ri wkh udqjh ri wklv udqgrp yduldeoh1 Rwkhu
sdudphwhuv ri lqwhuhvw duh wkh uvw H
*
￿ dqg vhfrqg Y
*
￿ prphqwv ri wklv udqgrp yduldeoh1 Wkh









Wkh wklug dqg odvw ihdwxuh ri wkh vwudwhj| wkdw ghvhuyhv wr eh lqyhvwljdwhg lv wkh glvwule0
xwlrq ri P
*
￿ dfurvv ohjlvodwruv1 Zh kdyh vhhq lq vhfwlrq 6 wkdw/ zkhq wkh vlpsoh jdph lv qrw
v|pphwulf l1h1 zkhq vrph ohjlvodwruv duh pruh srzhuixo wkdq rwkhuv/ l1h1 zkhq wkh| duh qrw
shuihfw vxevwlwxwhv/ zh vkrxog h{shfw vrph glhuhqwldov lq wkh zd| wkh| zloo eh wuhdwhg e|
wkh oreelhv1 Krzhyhu/ zkhq wkh jdph lv v|pphwulf/ wkh| duh doo rhuhg wkh vdph dprxqw1
Rxu dvvxpswlrq wkdw wkh ohjlvodwruv duh doo lghqwlfdo h{ dqwh wrjhwkhu zlwk wkh idfw wkdw wkh
pdmrulw| jdph lv v|pphwulf vxjjhvw wkdw lw zloo kdsshq khuh wrr1 Wklv lv qrw vwudljkwiruzdug
dqg fdoov iru d surri/ dv wkh ehkdylrudo uhvsrqvhv ri wkh ohjlvodwxuh iroorzlqj dq| srvvleoh
5:klvwru| ri rhuv lv qrz pruh frpsolfdwhg1 Lq fdvhv zkhuh xqliruplw| dfurvv wkh eulehg ohjlv0
odwruv lv vkrzq wr eh rswlpdo/ zh fdq/ zlwkrxw orvv ri jhqhudolw|/ olplw rxuvhoyhv wr vwudwhjlhv
ghqhg e| wzr glphqvlrqv= dq lqwhjhu q
*
￿ dqg d uhdo qxpehu w
*
￿ 1
71414 Wkh Yrwlqj Vxejdph+v,
Jlyhq dq| suroh ri rhuv W
￿ / d Ed|hvldq vwudwhj| iru ohjlvodwru l lq wkh frqwlqxdwlrq yrwlqj
vxejdph lv d pdsslqj 
￿ iurp wkh vhw ri w|shv d> 7 o lqwr if>j G 
￿ EW
￿ >
￿  ' f phdqv wkdw
ohjlvodwru l yrwhv iru wkh vwdwxv txr zkhq W
￿ lv wkh yhfwru ri vwdqglqj rhuv dqg klv w|sh lv

￿ 1
D nh| ghwhuplqdqw ri ohjlvodwru l vwudwhjlf hydoxdwlrq lv wkh suredelolw| s
￿ ri ehlqj slyrwdo1
Ohjlvodwru l ri w|sh 
￿ zlwk dq rhu htxdo wr w
￿
%











Wkh Ed|hvldq ghflvlrq uxoh lv wkhuhiruh ghvfulehg e| d fxw srlqw e 
￿ = ohjlvodwru l yrwhv iru
wkh vwdwxv txr li klv w|sh 
￿ lv ehorz wkh fxwsrlqw dqg yrwhv iru wkh uhirup rwkhuzlvh1 Wkh
fxw srlqw e 
￿ lv ghqhg dv
e 














￿  il 5 Q G w
￿
%





doo l 5 Q
￿ / doo ohjlvodwruv lq Q
￿ idfh wkh vdph ghflvlrq sureohp1 Khuhdiwhu/ zh zloo uhvwulfw rxu
dwwhqwlrq wr v|pphwulf htxloleuld l1h1 zh dvvxph wkdw wkhvh ohjlvodwruv xvh wkh vdph ghflvlrq
uxoh1 Zh zloo ghqrwh e| e  wkh fxw srlqw ghvfulelqj wklv vwudwhj| dqg e| s wkh suredelolw|
ri ehlqj slyrwdo iru dq| ri wkhp1 Iru wkh ohjlvodwruv rxwvlgh Q
￿ / yrwlqj iru wkh uhirup lv d
grplqdqw vwudwhj|
Iru dq| ohjlvodwru l lq Q
￿ wkh suredelolw| s ri ehlqj slyrwdo lv vlpso| wkh suredelolw| wkdw
h{dfwo| n rwkhu ohjlvodwruv yrwh iru f1 Vlqfh wkh ohjlvodwruv lq Q q Q
￿ dozd|v yrwh iru wkh
uhirup/ wklv lv wkh suredelolw| ri wkh hyhqw wkdw h{dfwo| n ohjlvodwruv iurp Q
￿ q ilj yrwh iru




￿ >e  ' E
K dq
￿  >IEe o/ +45,
zkhuh E









ghqrwhv wkh suredelolw| ri wkh hyhqw n iru d elqrpldo
5;udqgrp yduldeoh zlwk sdudphwhuv q dqg t1 Wkh slyrwdo suredelolw| ghshqgv xsrq wkh yrwlqj
vwudwhjlhv sod|hg e| wkh rwkhu ohjlvodwruv1 Wkh htxloleulxp slyrwdo suredelolw| zloo eh wkh
vroxwlrq ri +45, zkhq e  lv wkh htxloleulxp fxw srlqw1 Vlqfh wkh htxloleulxp fxw srlqw lv lwvhoi
ghshqghqw xsrq wkh htxloleulxp slyrwdo suredelolw|/ zh duh ohiw zlwk dq h{lvwhqfh lvvxh zklfk




Sursrvlwlrq ; Iru dq| jlyhq w
￿  f dqg q
￿ / wkh frqwlqxdwlrq yrwlqj vxejdph kdv wzr
lqwhulru v|pphwulf htxloleuld ? e 
￿ ? e 
‘ ?  dqg  dv d fruqhu htxloleulxp1 Wkh orz fxw




¡ wkh wzr rwkhu htxloleuld1
Surri1 Wkh surri ri wkh uvw dvvhuwlrq lv glylghg lqwr wzr fdvhv1
+l, q
￿ ' n n / l1h1 wkh oree| rhuv srvlwlyh wudqvihuv wr d vlpsoh pdmrulw| ri yrwhuv1
Lq wklv fdvh wkh xqltxh fxw0r ohyho h{lvwv1 Dsso|lqj +45, rqh jhwv wkdw s ' I
K
Ee 1
Vxevwlwxwlqj lw lqwr +44, lw iroorzv wkdw iru w 5 E{7 >4 e  ' 7 / dqg iru w 5 df>{7 o wkh fxw
srlqw e  lv ghqhg e|
e I
K
Ee  ' w@{1 +46,
Iurp dvvxpswlrqv rq wkh glvwulexwlrq ixqfwlrq lw iroorzv wkdw wkh OKV ri wklv htxdolw| lv
vwulfwo| lqfuhdvlqj ixqfwlrq ri e / wkhuhiruh e  lv xqltxho| ghqhg e| +46,1 Rqh fdq vhh wkdw e 
lv lqfuhdvlqj ixqfwlrq ri w1
+ll, q
￿ A n n / l1h1 wkh qxpehu ri yrwhuv uhfhlylqj srvlwlyh rhuv iurp wkh oree| lv pruh
wkdq d vlpsoh pdmrulw|1
Lq wklv fdvh wkhuh fdq eh 6/ 5 ru 4 htxloleulxp fxw0r ohyhov1 Iurp +45, wkh suredelolw|




























1 Rqh fdq vhh wkdw rq wkh lqwhuydo
d> 7 o lw lv qrqqhjdwlyh= lw lv htxdo wr }hur dw  dqg 7 / dqg lw lv vwulfwo| srvlwlyh hovhzkhuh rq
wkh lqwhuydo1 Lw kdv h{dfwo| rqh pd{lpxp dw 
*
’
¢ 5 E> 7 / zkhuh 
*
’


















D jdph zlwk vlplodu ihdwxuhv kdv ehhq h{dplqhg e| Sdoiuh| dqg Urvhqwkdo +4<;8, dv ghvfulelqj wkh
ghflvlrq wr yrwh lq dq hohfwlrq jlyhq wkdw yrwhuv lqfxu d sulydwh frvw wr gr vr1 Lq wkhlu prgho yrwhuv frpsduh




Vrph zduqlqj lv qhhghg derxw zkdw zh phdq e| Sduhwr grplqdqfh1 Suhflvho|/ zh uhihu wr xqdqlplw| lq
uhvwulfwlrq wr wkh frdolwlrq Q
⁄ ri ohjlvodwruv1 Lw uhsuhvhqwv d zd| wr vroyh wkh frruglqdwlrq lvvxh idfhg e|
wklv vxevhw ri sod|huv1



















Iurp wkh dvvxpswlrqv lw iroorzv wkdw wkh ixqfwlrq lq wkh eudfnhwv lv prqrwrqlfdoo| ghfuhdvlqj/
dqg iru  $  lw dssurdfkhv n4 dqg iru  $ 7  lw dssurdfkhv 41 Wkhuhiruh/ lw fdq eh
htxdo wr }hur h{dfwo| dw rqh srlqw 
*
,


























Iurp +44,/ +45, li w
￿ ' w
*
￿ e  ' 
*
,
¢ / li w
￿ 5 df>w
*
￿  wkhuh duh wzr vroxwlrqv iru e 
























dqg iru doo w
￿ 5 Ef>4 wkhuh lv dovr vroxwlrq e  ' 7 1
Frqvlghu qrz wkh vhfrqg dvvhuwlrq1 Wkh h{shfwhg xwlolw| ri djhqw q lv
X
’ E







￿ n E  S
￿ Ee 
’ Z
￿ > iru 








￿ > iru 
’  e 
>
zkhuh S
￿ ' hEdw ohdvw n iurp wkh rwkhu q
￿   djhqwv fkrrvh  dqg
S
￿ ' hEdw ohdvw n iurp wkh rwkhu q
￿   djhqwv fkrrvh f1
Iluvw/ ohw xv frqvlghu wkh fdvh 
’  e 1 H{shfwhg xwlolw| fdq eh zulwwhq dv X
’ E








￿ fdq eh zulwwhq dv
S

























































‘ / l1h1 lq htxloleulxp e 
￿ xwlolw| ri hdfk djhqw q lv dw ohdvw dv kljk dv lq htxloleulxp
63e 
‘ 1 Wkh fdvh 
’  e  lv vlplodu1
Lq vroylqj edfnzdug wkh zkroh jdph/ zh vroyh hdfk whuplqdo yrwlqj vxejdphv iroorzlqj
d sdlu Ew
￿ >q
￿  e| frqvlghulqj wkh htxloleulxp e 
￿ ' e 
￿ Ew
￿ >q
￿  zklfk zloo eh ghqrwhg vlpso|
e  ' e Ew
￿ >q
￿  zlwkrxw ulvn ri frqixvlrq1
71415 Wkh Rswlpdo Rhu ri Oree| 3
Zh duh qrz lq srvlwlrq wr lqyhvwljdwh wkh wzr glphqvlrqv ri wkh rswlpdo vwudwhj| ri oree|
31 Jlyhq w
￿ dqg Q
￿ / wkh suredelolw| ri dffhswlqj wkh euleh e| dq| ohjlvodwru lq Q
￿ lv vlpso|
















Wkhuhiruh/ wkh h{shfwhg sd|r ri wkh oree| 3 lv
Ew
￿ >q






Wkh iroorzlqj sursrvlwlrq ghvfulehv wkh rswlpdo dprxqw ri wkh rhu w
￿ zkhq oree| 3 ex| d
plqlpdo zlqqlqj frdolwlrq1
Sursrvlwlrq < Zkhq q
￿ ' n n / wkh htxloleulxp rhu w
*

























Ed{Z ? {Z zkhuh d 5 E> 7  lv wkh xqltxh




























' {Z 7 1
Surri1 Lq wklv fdvh wkh h{shfwhg sd|r ri wkh oree| lv ghqhg e|
En n >w




￿  En n {e =
Vlqfh wkh fxw0r ohyho e Ew
￿  lv lqfuhdvlqj ixqfwlrq/ lw lv srvvleoh wr vxevwlwxwh iru w
￿ iurp wkh
vhfrqg vwdjh sureohp dqg wr pd{lpl}h zlwk uhvshfw wr e =
C
Ce 
' En n I
K
Ee diEe EZ
￿  En n {e   {IEe o ' f=
64Iluvw/ frqvlghu Z












~ {1 E| dvvxpswlrq
￿
￿
lv lqfuhdvlqj/ wkhuhiruh wkh
UKV lv lqfuhdvlqj ixqfwlrq ri e / dqg wkh OKV lv ghfuhdvlqj1 Wkhuhiruh/ wkhvh wzr ixqfwlrqv
fdq lqwhuvhfw dw prvw rqfh rq wkh lqwhuydo E> 7 1 Lw lv hdv| wr vhh wkdw lqwhulru vroxwlrq
d 5 E> 7  h{lvwv rqo| li Z
￿  En n { A f dqg Z








Vxpplqj xs/ wkhuh duh wkuhh fdvhv=
Li En n { ? Z







~ wkh fxw srlqw lv d 5 E> 7  ghqhg e|
Z

















￿ ? f iru e  A d1
Lq fdvh f ? Z







￿ ? f rq wkh zkroh lqwhuydo E> 7 1
Li Z














￿ A f rq E> 7 1
Ri frxuvh/ lw lv qrw qhfhvvdulo| rswlpdo iru oree| 3 wr ex| d plqlpdo zlqqlqj frdolwlrq1
Lw pd| suhihu wr ex| d vxshupdmrulw|1 Jlyhq wkh idfw wkdw wkh ixqfwlrq  lv frqwlqxrxv zlwk
uhvshfw wr w
￿ dqg wkdw q
￿ wdnhv d qlwh qxpehu ri ydoxhv/ dq rswlpdo vwudwhj| lv dozd|v zhoo
ghqhg1 Lw uhpdlqv krzhyhu wkdw wkh ghulydwlrq ri jhqhudo uhvxowv frqfhuqlqj wklv srolf|
duh gl!fxow wr ghulyh1 Wkh uhvxowv wkdw iroorz rhu vrph suholplqdu| lqvljkwv lq vrph pruh
vwuxfwxuhg vhwwlqjv1
Sursrvlwlrq 43 Dvvxph wkdw I lv wkh xqlirup glvwulexwlrq rq wkh lqwhuydo df>o dqg wkdw




















































































￿ 5 E{>n4 ixqfwlrq Enn> lv lqfuhdvlqj rq wkh zkroh lqwhuydo/ wkhuhiruh wkh
pd{lpxp srlqw lv 1 Wkh fruuhvsrqglqj wudqvihu w
*
' { dqg En n > ' Z
￿  2{ A {1
+ll, q
￿ ' =
65Lq wklv fdvh 
*
' 2@1
En n 2> ' 
￿
Z














































Li wkh glvfulplqdqw lv qrq0qhjdwlyh Enn2> uhdfkhv lwv pd{lpxp dw 
￿ +wkh vpdoohvw urrw,
dqg lwv plqlpxp dw 














￿ A f rq wkh zkroh lqwhuydo df>
*
o lq wkh iroorzlqj wzr fdvhv= iru Z
￿ 5 d{>b{o
vlqfh wkh glvfulplqdqw lv qrq0srvlwlyh/ dqg iru Z
￿ 5 Eb{>n4 vlqfh 
￿ A 1
Wkhuhiruh/ iru Z















Lw uhpdlqv wr frqvlghu wkh wkuhh fdvhv lq wxuq1
 Z






dqg En n > uhdfkhv lwv pd{lpxp rq df>o dw d1 Rqh fdq fkhfn wkdw 
￿  d
dqg En n >  En n 2> rq df>
￿ o +wkh surri lv surylghg lq d pruh jhqhudo fdvh lq wkh
qh{w vhfwlrq,1 Wkhuhiruh/ q










) lv ghfuhdvlqj lq Z
￿ iru
Z









￿ 5 E{>n41 Lw lv qhfhvvdu| wr frpsduh Enn> dqg Enn2>
*
1 Lw iroorzv wkdw







› { dqg wkh rssrvlwh lqhtxdolw| lv wuxh rwkhuzlvh1
Wkh vwudwhj| ri oree| 3 ghvfulehg lq sursrvlwlrq 43 glvsod|v dq lqwhuhvwlqj ihdwxuh1 Qrw
vxusulvlqjo|/ wkh odujhu lv wkh vwdnh Z
￿ / wkh pruh prqh| wkh oree| vshqgv wr ex| yrwhv1
Zkdw lv pruh lqwuljxlqj krzhyhu/ lv wkdw wklv prqh| lv vshqw rq ihzhu ohjlvodwruv/ l1h1 wkh
vl}h ri wkh frdolwlrq wr zklfk rhuv duh pdgh ehfrphv vpdoohu1 Wkhvh duh wzr htxloleulxp
suhglfwlrqv lq wkh deryh vshfldo vhwwlqj1 Wkh| vxjjhvw wkh iroorzlqj wzr jhqhudo txhvwlrqv1
 Lv lw wkh fdvh/ wkdw oree|lqj dfwlylwlhv duh qrupdo jrrgv l1h1 h{klelwlqj srvlwlyh lqfrph
hhfwvB
 Lv lw wkh fdvh wkdw wkh vl}h ri wkh frdolwlrq ri ohjlvodwruv dssurdfkhg e| wkh oree| ghfuhdvhv
dv wkh vwdnh ehfrphv odujhuB
Zh vwurqjo| vxvshfw wkdw wkh dqvzhuv wr wkhvh wzr txhvwlrqv duh srvlwlyh zkhq I lv
wkh xqlirup glvwulexwlrq rq wkh lqwhuydo df>o1 Pruh suhflvho|/ zh wklqn wkdw wkh iroorzlqj
66dvvhuwlrq lv wuxh exw kdyh qrw ehhq deoh wr suryh lw lq ixoo jhqhudolw| iru wkh prphqw1
Wkhuh h{lvw wkuhvkrogv zEp/ p ' nn>===>q
￿ / vxfk wkdw zEp lv ghfuhdvlqj lq p dqg iru
Z
￿ 5 dzEp{>zEp  {o q
￿ ' p1 Wkdw lv/ vwduwlqj zlwk vpdoo ydoxhv ri Z
￿ wkh oree|lqj
jurxs suhihuv wr euleh doo phpehuv ri wkh frpplwwhh Eq
￿ ' q dqg zlwk wkh lqfuhdvh ri Z
￿
lw eulehv ohvv dqg ohvv phpehuv/ eulelqj mxvw d vlpsoh pdmrulw| iru udwkhu odujh ydoxhv1
Iljxuhv 6/7/8/ dqg 9 vxjjhvw wkh sodxvlelolw| ri vxfk sdwwhuq1 Wkh iroorzlqj wzr sursrvl0
wlrqv duh dgglwlrqdo slhfhv ri hylghqfh lq ghihqvh ri wkdw frqmhfwxuh1




ghqrwhv wkh rswlpdo fxw srlqw zkhq oree| 3 uhvwulfwv lwvhoi wr d frdolwlrq ri vl}h q
￿ 1Wkh iro0




¢ lv ghfuhdvlqj zlwk uhvshfw wr q
￿ 1
+ll, Li Z
￿  En n 2{Z/ wkhq iru dq| q
￿ A n n > wkh ixqfwlrq Eq
￿ > lv lqfuhdvlqj lq









￿ n > A Eq









dqg vxfk wkdw Eq
￿ >  f=










+ll, Wkh h{shfwhg sd|r fdq eh zulwwhq dv









￿ A n n 
Eq


























































































































































































￿  f iru Z














￿  f1 Rqh fdq dovr qrwlfh iurp
+4:, wkdw li dEq
￿  lv d pd{lpxp srlqw ri Eq
￿ > wkhq qhfhvvdulo| dEq
￿   dEn n  iru dq|
q
￿ A n n 1
+lll,
Eq














































￿ l  Eq
￿ n 
q







Rqh fdq qrwlfh wkdw l  Eq
￿ n   f iru dq|   
*
Eq
￿ n  dqg l  n n 1
Iurp +49, lw iroorzv wkdw Eq




































Vxevwlwxwlqj wklv lqwr wkh suhylrxv h{suhvvlrq rqh jhwv
Eq




























￿ n   l













Uhpdun 4 Lw fdq eh vkrzq wkdw iru Z
￿ ? Enn2{ ixqfwlrq Eq
￿ > fdq kdyh rqh lqwhulru

















￿ n En n 2{  Z
￿ ' f1 Lw iroorzv wkdw pd{lpxp srlqw dEq
￿  lv lqfuhdvlqj lq q
￿ dqg
plqlpxp srlqw lv ghfuhdvlqj1
68Wkh qh{w sursrvlwlrq vkrzv wkdw li oree| 3 ex|v d plqlpdo zlqqlqj frdolwlrq/ wkhq wkh
vwdnh pxvw eh odujhu wkdq vrph plqlpdo wkuhvkrog1 Pruh suhflvho|
Sursrvlwlrq 45 Dvvxph wkdw I lv wkh xqlirup glvwulexwlrq rq wkh lqwhuydo df>o1 D qhfhv0
vdu| frqglwlrq iru q
*





























Iluvw/ rqh fdq qrwlfh wkdw
CEn n >
C
' En n 
K 
Z
￿  En n 2{

=
Wkhuhiruh/ Enn> lv lqfuhdvlqj rq df>o li Z
￿  Enn2{ dqg rwkhuzlvh lw kdv pd{lpxp














qhfhvvdulo| dEn n 2 A dEn n 1 Lw iroorzv iurp wkh idfw wkdw
CEn n 2>
C
' En n 2E  
CEn n >
C


























 Vxssrvh wkdw Z
￿  En n 2{1
Wkhq dffruglqj wr wkh suhylrxv uhvxow ixqfwlrq Enn> uhdfkhv lwv pd{lpxp dw  ' 




En n > ' Z





























Ohw { eh ghqhg dv { ' N n 2   wkhq
En n >  En n 2>
*




























































En n >  En n 2>
*
En n 2 A f
l Z
￿ A En n {jEn n 2 dqg
h  
h  2
? jE{ ? b@.=
 Qrz/ vxssrvh wkdw wkh rssrvlwh frqglwlrq lv vdwlvhg/ l1h1 Z
￿  En n 2{1
Wkhq En n > uhdfkhv lwv pd{lpxp dw dEn n  ? 1 Ixqfwlrq En n 2> lv hlwkhu











Li En n 2> kdv pd{lpxp dw dEn n 2 wkhq dEn n 2 A dEn n / dqg iurp sursrvlwlrq
44
En n 2>dEn n 2  En n >dEn n   En n 2>dEn n   En n >dEn n  A f=
6:Iljxuh 4= vhw ri sxuh vwudwhjlhv1
Li En n 2> lv lqfuhdvlqj rq wkh zkroh lqwhuydo/ wkhq wkh iroorzlqj lv wuxh
En n 2>
*
En n 2  En n >dEn n   En n 2>
*
En n 2  En n > ? f
li Z
￿ A En n {jEn n 21
715 Wkh Rswlpdo Vwudwhj| ri Oree| 3 zkhq Oree| 4 lv dfwlyh
Lq wklv vhfwlrq/ zh uhwxuq wr wkh jdph wkhruhwlfdo iudphzrun l1h1 zh wdnh lqwr dffrxqw wkh
oree|lqj ru frxqwhuoree|lqj vwudwhj| ri oree| 41 Dv lq wkh suhfhglqj vhfwlrq/ zh glvuhjdug
wkh srvvlelolw| iru d oree| wr rhu glhuhqw rhuv wr wkrvh zkr uhfhlyh rhuv dqg zh ghqrwh
e| Ew
￿ >q
￿  dqg Ew
￿ >q
￿  wkh uhvshfwlyh +sxuh, vwudwhjlhv ri oree| 3 dqg oree| 41 Lw vkrxog
revhuyhg wkdw wkh wzr0sod|hu jdph ghvfulelqj wklv frpshwlwlrq lv txlwh xqxvxdo dv wkh vhwv




… dv looxvwudwhg rq jxuh 41 Wklv lpsolhv wkdw wkh htxloleulxp dqdo|vlv zloo eh udwkhu
lqwulfdwh dqg uhtxluhv d vshflf wuhdwphqw1 Zh uvw h{soruh wkh qdwxuh ri wkh ehvw uhvsrqvh
ixqfwlrqv ri wkh wzr oreelhv1








Wklv iroorzv/ ri frxuvh iurp rxu xqliruplw| dvvxpswlrq1
6;lqwr wkuhh jurxsv=
 Wkh jurxs Q
￿ lqfxghv wkh ohjlvodwruv zkr kdyh uhfhlyhg dq rhu h{foxvlyho| iurp oree|
31
 Wkh jurxs Q
￿
·
￿ lqfxghv wkh ohjlvodwruv zkr kdyh uhfhlyhg dq rhu iurp erwk oreelhv1




￿  ri ohjlvodwruv zkr glg qrw uhfhlyh dq| rhu1
Qrwh wkdw dw htxloleulxp/ qr ohjlvodwru zloo uhfhlyh d srvlwlyh rhu iurp oree| 4 h{foxvlyho|
dv wklv zrxog eh iurp lwv shuvshfwlyh d zdvwhixo lqyhvwphqw1
71514 Wkh Yrwlqj Vxejdph+v,
Dv ehiruh/ lq vroylqj frqwlqxdwlrq yrwlqj vxejdphv/ zh uhvwulfw rxu dwwhqwlrq wr v|pphwulf
htxloleuld l1h1 doo ohjlvodwruv lq vlplodu srvlwlrqv iroorz wkh vdph ghflvlrq uxoh1 Wkh ohjlvodwruv
lq jurxs Q
￿ zloo eh ghvfulehg e| wkh fxw srlqw e  zkloh wkrvh lq Q
￿
I
￿ zloo eh ghvfulehg e| wkh









￿ uhvshfwlyho|1 Wkhq/ wkh fxw srlqwv duh ghqhg dv






























￿  lv wr yrwh iru wkh uhirup1




￿ wkh suredelolw| ri ehlqj slyrwdo lv vlpso| wkh suredelolw|





￿  q ilj yrwh iru f1 Jlyhq wkh fxw srlqwv e  dqg e / lw lv srvvleoh wr zulwh grzq




























































￿ >e >1 Wkh frqwlqxdwlrq yrwlqj vxejdphv
duh pruh frpsolfdwhg wr dqdo|}h wkdq ehiruh/ dv wkhuh duh qrz d sdlu ri htxdwlrqv dqg wzr
yduldeohv e  dqg e  wr eh ghwhuplqhg1
6<71515 Wkh Rswlpdo Vwudwhjlhv ri Oreelhv 3 dqg 4
Zh rhu vrph suholplqdu| exw lqfrpsohwh lqvljkwv lq wkh fdvh zkhuh I lv wkh xqlirup glv0
wulexwlrq rq wkh lqwhuydo df>o dqg q ' 1 Wkhuh duh vhyhq srvvleoh fdvhv dffruglqj wr wkh








￿ 1 Wkh| duh
ghqrwhg e| 2f/ ff/ 2f/ 2f/ / f2/ ff1 Iru h{dpsoh/fdvh 534 ghvfulehv wkh vlwxdwlrq
lq zklfk wzr ohjlvodwruv uhfhlyh dq rhu iurp wkh oree|lqj jurxs 3 dqg wkh wklug rqh grhv
qrw uhfhlyh dq rhu dw doo1 Wkh uvw wzr uhjlphv/ qdpho| 2f dqg ff eulqj xv edfn wr wkh
suhylrxv vlwxdwlrq/ lq zklfk rqo| oree|lqj jurxs P
￿ lv dfwlyh1
Zh duh sulpdulo| lqwhuhvwhg lq wkh ehvw uhvsrqvh ri oree| f wr wkh vwudwhj| ri oree| 1









Iruhdfk u lw lv srvvleoh wrfdofxodwh wkh ehvw uhvsrqvh w
￿ Ew
￿  dqg dovr 
^ Ew








￿ / wkh uhdfwlrq w
￿ Ew




Slyrwdo suredelolwlhv duh ghqhg e|
s




￿ ' 2E  1
Wkhq/ wkh vhfrqg vwdjh vroxwlrqv Ew
￿ >w
￿  dqg  Ew
￿ >w























































) E    w
￿ E  2= +55,














￿ E2 n = +56,
Zh wdnh wkh julg iru w
￿ frqvlvwlqj ri 433 srlqwv dqg iru hdfk ydoxh ri w
￿ fdofxodwh w







￿ d ixqfwlrqv ri 1 Rq wkh lqwhuydo df>o/ htxdwlrq +55, pd| ghqh wzr vroxwlrqv iru w
￿ E
rqh ri zklfk lv ghfuhdvlqj lq  dqg wkh rwkhu lv ghfuhdvlqj1 Lw lv pruh lqwxlwlyh wkdw d odujhu
dprxqw ri euleh iurp oree| 3 fruuhvsrqgv wr d kljkhu suredelolw| iru d ohjlvodwru wr dffhsw
wkh euleh dqg wr yrwh djdlqvw wkh uhirup1 Wkhuhiruh zh frqvlghu wkh lqfuhdvlqj vroxwlrq1






￿ zlwk uhvshfw wr  rq wkh lqwhuydo zkhuh w
￿ E lv srvlwlyh
dqg lqfuhdvlqj1 Ehorz wkh judskv ri wkh ixqfwlrqv +55, dqg +56, duh glhuhqw ydoxhv ri w
￿
dqg Z






￿ E pd| kdyh wzr orfdo pd{lpd rq wkh
frqvlghuhg lqwhuydo1 Iru vpdoo ydoxhv ri w






￿ E uhdfkhv lwv pd{lpxp lq
wkh uljkw erxqgdu| ri wkh lqwhuydo +jxuh 43,1 Zlwk dq lqfuhdvh ri w
￿ / wkh srlqw zkhuh wkh
pd{lpdo lv uhdfkhg pryhv wr wkh ohiw= uvw wr wkh kljkhu dqg wkh wkhq wr wkh orzhu orfdo
pd{lpxp srlqw +jxuhv 44/ 45,1 Zh fdq kdyh d vlwxdwlrq zkhuh wkh pd{lpxp lv uhdfkhg dw
erwk srlqwv1
Fdvh 5= 2f1 Lw lv v|pphwulf zlwk uhvshfw wr  dqg  wr wkh suhylrxv fdvh1 Wkhuhiruh/
wkh dqdo|vlv lv yhu| vlplodu1
Fdvh 6= 1 Lw fdqqrw dsshdu dw wkh htxloleulxp vlqfh wkh v|vwhp iru wkh vhfrqg0vwdjh
vroxwlrq lv frqvlvwhqw li dqg rqo| li w
￿ ' f=




























Wkhq/ zh duh edfn wr fdvh 2f1
Fdvh 7= f21
Wkh vhfrqg0vwdjh vroxwlrq Ew
￿ >w


























￿ A  uhvshfwlyho|1












74Wkh vhfrqg0vwdjh vroxwlrq lv jlyhq e|=
2






OKV lv lqfuhdvlqj lq w
￿ dqg ghfuhdvlqj lq w
￿ rq wkh lqwhuydo df>2@o1 Vlplodu wr wkh suhylrxv
fdvh/ zh wdnh wkh julg iru w
￿ dqg h{suhvv w
￿ dv d ixqfwlrq ri 1 Wkh h{shfwhg sd|r ri oree|



















vlqfh wkh ixqfwlrq w









814 D Whfkqlfdo Ohppd






















zkhuh p ? q
￿ lv lqfuhdvlqj zlwk uhvshfw wr  dqg q





















￿ n >p>  XEq





















































































































































































































































































































Rqh fdq qrwlfh wkdw lq wkh wzr vxpv doo wkh whupv h{fhsw wkh uvw dqg wkh odvw rqhv duh
fdqfhoohg rxw1 Wkhuhiruh/ zh jhw +58,1
76815 Iljxuhv


















￿ ' f=2{/ q
￿ ' .=
Iljxuh 7= Z
￿ ' D{/ q
￿ ' .=
78Iljxuh 8= Z
￿ ' b{/ q
￿ ' D=
Iljxuh 9= Z
￿ ' {/ q
￿ ' e +vlpsoh pdmrulw|,1
79Iljxuh := w
￿ E iru w
￿ ' f=fff=
Iljxuh ;= w
￿ E iru w
￿ ' f==
7:Iljxuh <= w
























￿ E iru w
￿ ' f=2=
7<Iljxuh 46= h{shfwhg sd|r ri oree| 3 lq uhjlph E>|
￿ 1
Iljxuh 47= uhdfwlrq ri oree| 3 lq uhjlph E>|
￿ 1
83Iljxuh 48= h{shfwhg sd|r ri oree| 3 lq uhjlph E2>|
￿ 1
Iljxuh 49= uhdfwlrq ri oree| 3 lq uhjlph E2>|
￿ 1
84Iljxuh 4:= h{shfwhg sd|r ri oree| 3 lq uhjlph E>|
￿ 1
Iljxuh 4;= uhdfwlrq ri oree| 3 lq uhjlph E>|
￿ 1
85Uhihuhqfhv
^4` Dqvrodehkhuh/ V1/ M1 gh Iljxhluhgr/ dqg M1P1 Vq|ghu/ 53361 Zk| Lv Wkhuh Vr Olwwoh
Prqh| lq X1V1 SrolwlfvB/ Mrxuqdo ri Hfrqrplf Shuvshfwlyhv 4:/ 43804631
^5` Edogzlq/ U1 dqg F1V1 Pdjhh/ 53331 Lv Wudgh Srolf| iru VdohB Frqjuhvvlrqdo Yrwlqj rq
Uhfhqw Wudgh Eloov1 Sxeolf Fkrlfh 438/ :<04341
^6` Edqnv/ M1V/ 53331 Ex|lqj Vxshupdmrulwlhv lq Ilqlwh Ohjlvodwxuhv1 Dphulfdq Srolwlfdo
Vflhqfh Uhylhz <7/ 9::09;41
^7` Edq}kdi/ M1 I1 LLL/ 4<981 %Zhljkwhg Yrwlqj Grhvq*w Zrun= D Pdwkhpdwlfdo Dqdo|vlv%/
Uxwjhuv Odz Uhylhz 4</ 64:06761
^8` Edq}kdi/ M1 I1 LLL/ 4<9;1 %Rqh Pdq 61645 Yrwhv= D Pdwkhpdwlfdo Dqdo|vlv ri wkh
Hohfwrudo Froohjh%/ Yloodqryd Odz Uhylhz 46/ 63706651
^9` Edurq/ G1 S1 dqg M1 D1 Ihuhmrkq/ 4<;<1 %Edujdlqlqj lq Ohjlvodwxuhv%/ Dphulfdq Srolwlfdo
Vflhqfh Uhylhz ;6/ 44;4045391
^:` Ehqqhgvhq/ P1 dqg V1H1 Ihogpdqq/ 53351 %Oree|lqj Ohjlvodwxuhv%/ Mrxuqdo ri Srolwlfdo
Hfrqrp| 443/ <4<0<7;1
^;` Ehujh/ F1/ 4<;<1 K|shujudskv/ Dpvwhugdp= Qruwk0Kroodqg1
^<` Ehuqkhlp/ E1G1 dqg P1 G1 Zlqvwrq/ 4<;91 Phqx Dfwlrqv/ Uhvrxufh Doorfdwlrq/ dqg
Hfrqrplf Lq xhqfh/ Txduwhuo| Mrxuqdo ri Hfrqrplfv 434/ 40641
^43` Erooredv/ E1/ 4<;91 Frpelqdwrulfv/ Fdpeulgjh= Fdpeulgjh Xqlyhuvlw| Suhvv1
^44` Er|odq/ U1/ 53351 %Sulydwh Eloov= D Wkhruhwlfdo dqg Hpslulfdo Vwxg| ri Oree|lqj%/
Sxeolf Fkrlfh 444/ 4<07:1
^45` Eudgirug/ V1/ 53341 Surwhfwlrq dqg Mrev= H{sodqlqj wkh Vwuxfwxuh ri Wudgh Eduulhuv
dfurvv Lqgxvwulhv/ xqsxeolvkhg pdqxvfulsw/ Euljkdp \rxqj Xqlyhuvlw|1
^46` Gdo Er/ H1/ 53351 %Eulelqj Yrwhuv%/ xqsxeolvkhg pdqxvfulsw/ Xqlyhuvlw| ri R{irug1
^47` Ghnho/ H1/ Mdfnvrq/ P1 dqg D1 Zrolqvn|/ 5339d1 %Yrwh Ex|lqj L= Jhqhudo Hohfwlrqv%/
xqsxeolvkhg pdqxvfulsw/ Fdowhfk1
86^48` Ghnho/ H1/ Mdfnvrq/ P1 dqg D1 Zrolqvn|/ 5339e1 %Yrwh Ex|lqj LL= Ohjlvodwxuhv dqg
Oree|lqj%/ xqsxeolvkhg pdqxvfulsw/ Fdowhfk1
^49` Glhuphlhu/ G1 dqg U1E1 P|huvrq/ 4<<<1 Elfdphudolvp dqg lwv Frqvhtxhqfhv iru wkh
Lqwhuqdo Rujdql}dwlrq ri Ohjlvodwxuhv/ Dphulfdq Hfrqrplf Uhylhz ;</ 44;5044<91
^4:` Ihojhqkdxhu/ P1 dqg K1 S1 Ju qhu/ 53371 %Frpplwwhhv dqg Vshfldo Lqwhuhvwv%/ xqsxe0
olvkhg pdqxvfulsw/ Xqlyhuvlw| ri Pdqqkhlp1
^4;` I uhgl/ ]1 %Pd{lpxp Ghjuhh dqg Iudfwlrqdo Pdwfklqjv lq Xqlirup K|shujudskv%/ 4<;41
Frpelqdwrulfd/ 4 48804951
^4<` I uhgl/ ]1 % Pdwfklqjv dqg Fryhuv lq K|shujudskv%/ 4<;;1 Judskv dqg Frpelqdwrulfv/
4 44805391
^53` Jdzdqgh/ N1 dqg X1 Edqg|rsdgk|d|/ 53331 Lv Surwhfwlrq iru VdohB Hylghqfh rq wkh
Jurvvpdq0Khospdq Wkhru| ri Hqgrjhqrxv Surwhfwlrq/ Uhylhz ri Hfrqrplfv dqg Vwd0
wlvwlfv ;5/ 46<04851
^54` Jrogehuj/ S1N1 dqg J1 Pdjjl/ 4<<<1 Surwhfwlrq iru Vdoh= Dq Hpslulfdo Lqyhvwljdwlrq/
Dphulfdq Hfrqrplf Uhylhz ;</ 4468044881
^55` Jurvhforvh/ W1 dqg M1 P1 Vq|ghu/ 4<<91 Ex|lqj Vxshupdmrulwlhv1 Dphulfdq Srolwlfdo
Vflhqfh Uhylhz <3/ 63606481
^56` Jurvv/ R1 dqg U1 Zdjqhu/ 4<831 D frqwlqxrxv Frorqho Eorwwr jdph UP073;/ Udqg
Frusrudwlrq/ Vdqwd Prqlfd/ plphr1
^57` Jurvvpdq/ J1 P1 dqg H1 Khospdq/ 4<<51 Surwhfwlrq iru Vdoh/ Qdwlrqdo Exuhdx ri
Hfrqrplf Uhvhdufk/ Zrunlqj Sdshu 747<1
^58` Jurvvpdq/ J1 P1 dqg H1 Khospdq/ 4<<71 Surwhfwlrq iru Vdoh/ Dphulfdq Hfrqrplf
Uhylhz ;7/ ;660;831
^59` Jurvvpdq/ J1P1 dqg H1 Khospdq/ 53341 Vshfldo Lqwhuhvw Srolwlfv1 Orqgrq= PLW Suhvv1
^5:` Khospdq/ H1 dqg W1 Shuvvrq1 53341 %Oree|lqj dqg Ohjlvodwlyh Edujdlqlqj%/ Dgydqfhv
lq Hfrqrplf Dqdo|vlv dqg Srolf| 4/ Duwlfoh 61
^5;` Kro}pdq/ U1/ Pdufxv/ \1 dqg G1 Shohj/ 4<<:1 %Ordg Edodqflqj lq Txruxp V|vwhpv%/
Vldp Mrxuqdo ri Glvfuhwh Pdwkhpdwlfv 43/ 55605781
87^5<` Lvehoo/ M1 U1/ 4<891 %D Fodvv ri Pdmrulw| Jdphv%/ Txduwhuo| Mrxuqdo ri Pdwkhpdwlfv :/
4;604;:1
^63` Odvolhu/ M1I1 dqg Q1 Slfdug/ 53351 Glvwulexwlyh Srolwlfv dqg Hohfwrudo Frpshwlwlrq/
Mrxuqdo ri Hfrqrplf Wkhru| 436/ 43904631
^64` Odxvvho/ G1 dqg P1 Oh Euhwrq/ 53341 Frq lfw dqg Frrshudwlrq1 Wkh Vwuxfwxuh ri Htxl0
oleulxp Sd|rv lq Frpprq Djhqf|1 Mrxuqdo ri Hfrqrplf Wkhru| 433/ <6045;1
^65` Oh Euhwrq/ P1 dqg I1 Vdodqlh/ 53361 Oree|lqj xqghu Srolwlfdo Xqfhuwdlqw|1 Mrxuqdo
ri Sxeolf Hfrqrplfv ;: 58;<059431
^66` Orydv}/ O1/ 4<:81 %Rq wkh Udwlr ri Rswlpdo Lqwhjudo dqg Iudfwlrqdo Fryhuv%/ Glvfuhwh
Pdwkhpdwlfv 46/ 6;606<31
^67` Prqwhur/ P1/ 53391 Qrqfrrshudwlyh Irxqgdwlrqv ri wkh Qxfohroxv lq Pdmrulw| Jdphv/
Jdphv dqg Hfrqrplf Ehkdylru/ 87+5, 6;306<:1
^68` Rovrq/ P1/ 4<981 Wkh Orjlf ri Froohfwlyh Dfwlrq/ Fdpeulgjh= Kduydug Xqlyhuvlw| Suhvv1
^69` Rvwpdqq/ D1/ 4<;:1 %Rq wkh Plqlpdo Uhsuhvhqwdwlrq ri Krprjhqhrxv Jdphv%/ Lqwhu0
qdwlrqdo Mrxuqdo ri Jdph Wkhru| 49/ 9<0;41
^6:` Sdoiuh|/ W1 U1 dqg K1 Urvhqwkdo/ 4<;81 Yrwhu Sduwlflsdwlrq dqg Vwudwhjlf Xqfhuwdlqw|1
Dphulfdq Srolwlfdo Vflhqfh Uhylhz :</ 950:;1
^6;` Shohj/ E1/ 4<9;1 %Rq Zhljkwv ri Frqvwdqw0Vxp Pdmrulw| Jdphv%/ VLDP Mrxuqdo ri
Dssolhg Pdwkhpdwlfv 49/ 85:08651
^6<` Shohj/ E1 dqg M1 Urvhqp oohu/ 4<<51 %Wkh Ohdvw0Fruh/ Qxfohroxv dqg Nhuqho ri Krpr0
jhqhrxv Zhljkwhg Jdphv%/ Jdphv dqg Hfrqrplf Ehkdylru 7/ 8;;09381
^73` Shuvvrq/ W1/ 4<<;1 Hfrqrplf Srolf| dqg Vshfldo Lqwhuhvw Srolwlfv/ Hfrqrplf Mrxuqdo
43;/ 643065:1
^74` Sroeruq/ P1/ 53351 %Oree|lqj dv Lqyhvwphqw xqghu Xqfhuwdlqw|%/ Xqsxeolvkhg Pdqx0
vfulsw/ Xqlyhuvlw| ri Zhvwhuq Rqwdulr1
^75` Sudw/ D1 dqg D1 Uxvwlfklql/ 53361 Jdphv Sod|hg wkurxjk Djhqwv1 Hfrqrphwulfd :4/
<;<043591
88^76` Vkdsoh|/ O1V1 dqg P1 Vkxeln/ 4<871 %D Phwkrg iru Hydoxdwlqj wkh Glvwulexwlrq ri Srzhu
lq d Frpplwwhh V|vwhp%/ Dphulfdq Srolwlfdo Vflhqfh Uhylhz 7;/ :;:0:<51
^77` Vplwk/ U1 D1 4<<8/ %Lqwhuhvw Jurxs Lq xhqfh lq wkh X1V1 Frqjuhvv%/ Ohjlvodwlyh Vwxglhv
Txduwhuo| 53/ ;<046<1
^78` Vq|ghu/ M1 P1/ 4<<41 %Rq Ex|lqj Ohjlvodwxuhv%/ Hfrqrplfv dqg Srolwlfv 6/ <6043<1
^79` Vq|ghu/ M1 P1/ P1 P1 Wlqj/ dqg V1 Dqvrodehkhuh/ 5338 %Ohjlvodwlyh Edujdlqlqj xqghu
Zhljkwhg Yrwlqj%/ Dphulfdq Hfrqrplf Uhylhz <8+7,/ <;4043371
^7:` Vwudwpdqq/ W1/ 53361 Fdq Vshfldo Lqwhuhvwv Ex| Frqjuhvvlrqdo YrwhvB Hylghqfh iurp
Ilqdqfldo Vhuylfhv Ohjlvodwlrq/ Mrxuqdo ri Odz dqg Hfrqrplfv 78/ 67806:81
^7;` Wd|oru/ D1 G1 dqg Z1 V1 ]zlfnhu/ 4<<<1 Vlpsoh Jdphv/ Sulqfhwrq= Sulqfhwrq Xqlyhuvlw|
Suhvv1
^7<` Wxoorfn/ J1/ 4<:51 %Wkh Sxufkdvh ri Srolwlfldqv%/ Zhvwhuq Hfrqrplf Mrxuqdo 43/ 6870
6881
^83` \rxqj/ K1 S1/ 4<:;d1 %D Wdfwlfdo oree|lqj Jdph% lq Jdph Wkhru| dqg Srolwlfdo Vflhqfh/
Rughvkrrn/ S1F1 +Hg,/ Qhz \run Xqlyhuvlw| Suhvv/ Qhz \run1
^84` \rxqj/ K1S1/ 4<:;e1 %Wkh Doorfdwlrq ri Ixqgv lq Oree|lqj dqg Fdpsdljqlqj%/ Ehkdy0
lrudo Vflhqfh 56/ 540641
^85` \rxqj/ K1 S1/ 4<:;f %Srzhu/ Sulfhv/ dqg Lqfrphv lq Yrwlqj V|vwhpv%/ Pdwkhpdwlfdo
Surjudpplqj 47/ 45<047;1
^86` Vkxeln/ P1 dqg K1 S1 \rxqj/ 4<:;1 %Wkh Qxfohroxv dv d Qrqfrrshudwlyh Jdph Vroxwlrq%
lq Jdph Wkhru| dqg Srolwlfdo Vflhqfh/ Rughvkrrn/ S1F1 +Hg,/ Qhz \run Xqlyhuvlw|
Suhvv/ Qhz \run1
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